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PREFACE. 



, The Differential and the Integral Calculus have been esta- 
blished upon entirely different axioms and definitions by the 
several founders of those sciences. The primary ideas of 
infinitesimals, fluxions, and exhaustions, though their results 
coincide, for the simple reason that all pure truth is con- 
sistent with itself, are widely diverse in their abstract nature. 
In writing, "therefore, on the principles of either Calculus, a 
difficulty presents itself in the necessity of electing between 
systems, each of which has the sanction of high authority 
and peculiar intrinsic merits. 

This consideration is of especial importance in a "Rudi- 
mentary Treatise," which cannot, of course, fulfil the pro- 
fession of its title without singleness and simplicity of its 
fundamental ideas, and an exactness of thought and language 
often very difficult of attainment. The choice of methods 
in the present work has been determined partly by historical 
considerations. The discoverers of new truths usually search 
after them by the simplest and most familiar considerations ; 
and it seems natural to presume that, as far at least as 
abstract principles are concerned, the way of discovery is the 
easiest way of instruction. 

The original idea upon which Newton based the system of 
fluxions, regarded a differential coefficient as the rate of 
increase of a function. The idea upon which Leibnitz and 
the Bemouillis established the Integral Calculus, regarded 
an integral as the limit of the summation of an indefinite 
number of indefinitely diminishing quantities. The €a£»3c);K:^ 
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with which the idea of " rate" may be conceived and applied 
to the science of which Newton was the great founder, and the 
similar advantages of the idea of summation in the Integral 
Calculus, determined the selection of the first idea as the 
basis of the "Manual of the Differential Calculus" by the 
present writer, and the second as the basis of the present 
treatise. 

The value and importance of what is termed by Professor 
De Morgan the " summatory" definition of integration, has 
been insisted upon by him and others of the most eminent 
modem mathematicians; but the present is probably an almost 
solitary attempt to establish the Integral Calculus on that 
definition exclusively. Throughout the entire range of the 
practical applications of the Integral Calculus — to Geometry, 
Mechanics, &c. — ^the idea of summation is solely and universally 
applied. The rival definition of the Integral Calculus — as 
the inverse of the Differential Calculus — has a merely rela- 
tive signification, and is, therefore, essential only in ana- 
lytical investigations of the relations of the two sciences. 

But whatever system be adopted for establishing either 
calculus must of necessity involve the idea of limits and 
limiting values. An unreasonable reluctance has been some- 
times exhibited in adopting this idea in elementary treatises, 
whereas that it is one by no means difficult to be conceived is 
shewn by its adoption in the first ages of mathematics. By 
far greater difficulties have arisen from the shifts to which 
resort has been had to evade it in theorems of which 
demonstrations without it are necessarily illogical. 

The idea of limits occurs, or ought to occur, much earlier 
in the study of exact science than is generally allowed. 
This idea is essentially involved in Arithmetic, Euclid, and 
Algebra. The laws of operation with recurring decimals 
and surds cannot be accurately esjablished without limits — 

for_jn what sense is the fraction ^ equal to '3333 , or 

>/2 equal to another interminable decimal, except as the 
limits of the two infinite convergent series represented by 
the decimals? Euclid's definition of equality of ratios 
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(Book v., Def. V.), is made to include incommensurable 
ratios by considerations dependent on the method of limits, 
which also occurs repeatedly in Book XII. In Algebra, 
as the present -writer has endeavoured to shew elsewhere 
(Cambridge Mathematical Journal, Feb., 1852), an exact 
demonstration of the Binomial Theorem must involve the 
method of limits. The same remark applies to the operation 
of equating indeterminate coefficients and the theorem a° = 1. 
Neglect of these considerations involves the writers of some 
treatises in obscurities, errors, and inconsistencies, which 
bring to remembrance the supposed common origin of the 
words "gibberish" and ** algebra."* 

Throughout the present work, the language of infinites 
and infinitely small quantities has been carefully avoided, 
partly because they cannot, except by an inaccuracy of lan- 
guage, be spoken of as really existing magnitudes which may 
be subjected to analytical operations, partly because the 
language of the method of limits is equally concise, and is, 
moreover, exact. 

That infinity has a real existence must be admitted; for let 
us conceive any distance, however great, such that the remotest 
known star is comparatively near ; we cannot say that space 
terminates at that distance. What is beyond the boundary ? 
A void, perhaps, but still space; so that unless we can 
conceive the existence of a boundary which includes all space 
within it, and to which no space is external, we are forced 
to admit the existence of infinite space. But this admission 
is altogether different from that which subjects infinity to 
mathematical operations. How is the infinity thus operated 
upon to be defined ? As a magnitude than which none other 
is greater? But by hypothesis it is the subject of analytical 

• Algebra. — " Some, howeyer, derire it from yarions other Arabic words, 
as from Geber, a celebrated philosopher, chemist, and mathematician^ to 
whom they ascribe the invention of this science." — Hutton*t Mathtmatical 
DicUonary, Gibberish. — " It is probably derived from the chemical cant, 
and originally implied the jargon of Geber and his tribe."— VoA«*<m'# 
Btetionary, 
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operations, and therefore of addition. Add, therefore, some 
quantity; the result is greater than this infinity, or the 
definition is contradicted. The truth is, that absolute in- 
finity, such as the infinity of space, cannot be intelligibly 
conceived on the supposition that anything can be added 
to it. 

Similar considerations apply to infinitely small quantities. 
There is no difficulty in seeing, that of any kind of mag- 
nitude the parts may be diminished infinitely, for, however 
small a part be taken, it may be divided, and thus smaller 
parts are taken. If, then, an infinitesimal quantity, the 
subject of analytical operation, be defined to be a real quan- 
tity less than any other, the definition may be readily shewn 
to be inconsistent with itself. 

When, therefore, infinitesimals and infinity are introduced 
into mathematical operations, they ought to be regarded not 
as having an absolute existence, but merely as the means of 
expressing the limits to which results approach, as quantities 
in them are continually increased or diminished. 

M, Coumot, in his admirable treatise " Des Fonetlons et 
du Calcul Infinitesimal" (Paris, 1841), asserts, indeed, that 
the infinitesimal method does not merely constitute an in- 
genious artifice; that it is the expression of the natural 
mode of generation of physical magnitudes which increase 
by elements smaller than any finite magnitude. But he 
does not appear to have anywhere defined what he under- 
stands by elements smaller than any finite magnitudes; and 
without such a definition it is impossible to investigate his 
proposition accurately. If the words of it be interpreted 
literally it appears to lead to this dilemma : if the elements 
be not magnitudes, the addition of them produces no in- 
crease — if they be magnitudes, they cannot be less than any 
finite magnitude ; for, being magnitudes, they may be divided 
into less magnitudes. 

With respect to the method of limits, M. Coumot is of 
opinion that questions must occur in which it is necessary 
to renounce this method, and to substitute for it in language 
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and in calculations the employment of infinitely small quan- 
tities of different orders. He has not, however, specified any 
instance in which the substitution in question is required. 

The following demonstrations do not refer directly or 
indirectly to different orders of small quantities, nor, indeed, 
to small quantities at all ; for the use of the term "small," 
in an absolute sense, in mathematics, is objectionable on 
account of its inexactness. The limit where greatness ceases 
and smallness begins cannot be distinguished. Hence, though 
one quantity may be accurately said to be smaller than another, 
the former cannot with perfect exactness be said to be neces- 
sarily and absolutely small with respect to the latter. 

The exclusive adherence to the ** summatory" definition 
of the Integral Calculus, has rendered it necessary to present 
the greater part of the following propositions in a new form, 
and scarcely anything here given (except the historical 
notices) is compiled from analogous treatises. The first 
section contains a popular exposition of the Integral Cal- 
culus ; and the second a brief account of its history, com- 
piled from one or two cyclopsedias and dictionaries. The 
two following sections are probably in a great measure new, 
as in them the general principles of integration and the 
integration of the fundamental functions are derived from 
the definition above referred to. The three short sections 
which succeed contain nothing original ; but the eighth, on 
Rational Fractions, is almost entirely newly written. The 
ordinary demonstration of the possibility of resolving a 
rational fraction into partial fractions proceeds by the method 
of equating coefl&cients, and is defective in this respect — 
that it neglects to shew, d priori, that the assumed co- 
efficients have any real existence, and that the equations 
determining them do not give impossible or inconsistent 
results. 

To the kindness of Professor De Morgan, of University 
College, London, the Author is indebted for an exact de- 
monstration of the existence of partial fractions correspond- 
ing to rational fractions, with denominators resolvable 
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into simple factors. Similar obligations have been conferred 
by Mr. Cohen, of Magdalene College, Cambridge, by his 
analogous demonstration respecting quadratio factors. In 
a subsequent part of the section, a method of effecting these 
resolutions is proposed, which may, perhaps, save some 
labour. 

In the ninth section a hint has been taken from Moigno's 
edition of Cauchy*s '* Le9ons de Calcul Integral," to gene- 
ralize in some measure the principles of nationalization. 

In the next chapter the *'summatory" definition is ex- 
tended to Multiple Integrals. The Quadrature of Curves 
and the Cubature of Solids are next considered; and a 
method, which is probably new, is given, of investigating the 
cubature by polar co-ordinates, by considering surfaces to be 
generated by the revolution of figures of variahls form. 

The theories of rectification of curves and complanation 
of surfaces have some difficulties which are frequently 
evaded by illogical reasoning. In the ** Principia," the 
method of rectification is based on the fifth Lemma — ** the 
homologous sides of similar figures are proportional." This 
is stated without demonstration, and is intended to be 
axiomatic. It assumes, in other words, that if any figure 
be drawn to a reduced scale, the linear dimensions of the 
corresponding parts are in the ratio of the scale of the 
original to that of the copy. Certain Cambridge versions of 
Newton's Lemmas, among other mutilations of the original, 
have attempted to prove this axiom respecting lengths, by 
reference to a proposition respecting areaSf of which the 
evidence is of a totally different kind. 

Some continental writers, amongst whom is M. Coumot, 
have thought to avoid all difficulty respecting the funda- 
mental principles of rectification and complanation, by de- 
fining curves and surfaces to be respectively polygons and 
polyhedrons of indefinitely small sides. But it is, in truth, 
a mere postponement of difficulty to invent new definitions 
to answer special purposes. The methods of measuring 
curves and surfaces, as defined by M. Coumot, are, perhaps. 
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to be connected with his views respecting small quantities, 
but cannot be considered complete until extended by rigorous 
reasoning to surfaces and curves generated by continuous 
motion — such as solids of revolution and their sections. 
An essay is made in the following pages to establish the 
principles of this part of the Integral Calculus on very 
simple geometrical axioms, and the formula of complanation 
is proved without the usual reference to the inclination of 
tangent planes. 

A consideration of the integration of functions which be- 
come discontinuous or infinite for particular values, appeared 
necessary to complete the subject, and an attempt has been 
made to elucidate tbe definition of multiple integrals of 
discontinuous functions. In the concluding section, an in- 
vestigation of some of the properties of the second Eulerian 
integral is partly taken from Littrow's ** Anleitung zur 
hoheren Mathematih ;'' but in the original proofs an important 
defect exists, to remedy which, the article on ultimate ratios 
of Eulerian integrals has been given. The demonstration 
of the fundamental relation between the two kinds of such 
integrals is that of Poisson, as given by M. Coumot. Some 
remarks are offered on the inexactness of evaluations of the 
sine and cosine of an infinite angle. 

Several invaluable suggestions of Professor Stokes, the 
Lucasian Professor of Mathematics at Cambridge, have been 
embodied in the two concluding chapters ; and the obligations 
thus conferred are acknowledged by the Author with a feeling 
of great gratification. 

Geometrical representations of analytical theorems have 
been frequently introduced for the purpose of illustration, but 
not of demonstration ; for though the proof of purely ana- 
lytical theorems of the Integral Calculus is independent of 
the extrinsic aid of geometry, they are often remarkably 
elucidated by being considered objectively. 

GAVBBiDas, Febmary, 1852. 
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INTEGKAL CALCULUS. 



SECTION I. 



GENERAL ACCOUNT OF THE OBJECTS OF THE INTEGRAL 

CALCULUS. 

1. Amongst the most important uses of the Integral Calculus 
are its applications to the measurement of the lengths of 
curves, the areas of curvilinear figures, the contents of solids 
contained hy curved surfaces, and the effects of forces. This 
Calculus is required in the most important investigations in 
every branch of the exact sciences. 

2. The names, of the Integral and Differential Calculus 
suflBciently indicate the distinction between them. The In- 
tegral Calculus determines the whole sum or integral magni- 
tude of a quantity of which the differential parts are given. 
The Differential Calculus, on the contrary, investigates the 
relations of the differential parts of a quantity of which the 
integral magnitude is given. 

3. The process of Integration is therefore the inverse of 
Differentiation ; in the same way as Subtraction is the in- 
verse of Addition, Division the inverse of Multiplication, 
Evolution the inverse of Involution. But in the same sense 
that Integration is the inverse of Differentiation, the latter 
operation is the inverse of the former. As, therefore, the 
Differential Calculus is defined and investigated irrespectively 
of the Integral, so may also the Integral independently of 
the Differential. It is an imnecessarily restricted view 
which regards the Integral Calculus as a dependent science. 
Throughout the following pages its rules will be indepen- 
dently demonstrated ; though the close relation between the 
two Calculi requires careful consideration, for the sake of its 
aid in comprehending both subjects, its suggestiveness in 
investigation, and its test of results by inverse operatlaw.^ 
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4. It was said above, that the Integral Calculus determines 
the integral magnitude of a quantity from its differential parts. 
Now of course this indirect method of measurement would 
not be usually resorted to, if a more direct were practicable. 
But there are innumerable cases in which direct measurement 
is impracticable. The measurement of the lengths of lines 
aflPords a simple illustration. If the lines be straight, the 
method of measuring them is obvious and direct. It consists 
in successive applications of a straight " rule " or standard 
of a unit of length (a yard, metre, ell, &c.), along the straight 
line to be measured, and ascertaining how many times it con- 
tains the unit and known parts of it. But if the line to 
be measured be a curve, no such application of a straight 
" rule" can be performed; it will coincide with the curve for 
no portion of it, however small. 

5. A rough way of effecting the required measurement 
is, however, readily suggested. A number of points may 
be arbitrarily taken in the curve, and be joined, or be sup- 



posed to be joined, by dotted lines. Then, if these chords 
be measured, their total length is an approximate measure 
of the length of the curve. 

6. It was long ago perceived, that by diminishing the 
lengths of the chords, and increasing their number, the ap- 
proximation became closer and closer. An improvement in 
the method was effected by drawing from the extremities and 
intermediate points of the curve, tangents meeting each other 
at points in the convex side of the curve, as in the following 
diagram. If the curve be such that the tangent, at any 
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point of it, cannot meet it at any other point, the total 
lengths of these tangents is less than the length of the 
curve. In this way the length of the curve, though it could 
not he exactly determined, might at any rate he ascertained 
to he less than one, and greater than another, of two quan- 
tities ; which might he made to differ hy a quantity less and 




less, as the number of chords and tangents was increased. 
So that the error of the approximation would be determined 
within closer and closer extremes, as the geometer expended 
more and more labour on the mensuration. It is clear, 
however, that the length of the curve has some eaact value, 
which is the limit of the operations above explained; and 
the discovery of that exact limit is the solution of a problem 
of the Integral Calculus, 

7. Again, the area of any plane curvilinear figure is certainly 
greater than that of any polygon of straight sides inscribed 
in it, and less than that of any such polygon circumscribed. 
By increasing the numbers of sides of the circumscribed and 
inscribed polygons, their areas are made to differ less and 
less. The area of the cuiTilinear figure lying between them 
may thus be determined within any degree of approximation. 

For instance, let the area ACB be included by a curve AB, 
and two straight lines, AG, CB, at right angles to each other. 
It requires little science to perceive that one of the readiest 
ways of roughly measuring this area, is to divide it into portions 
by lines parallel to AC, but not necessarily equidistant, and 
to compute the area of each such portion as if it were a rect- 
angle. Yet this method would give the area of the figure 
bounded not by the cur^^e, but by the 21^2^0^% ^i^\jv»^\«sfe 

^ St* 
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vcithin or nithout tbe figure. The difference betweea the two 
rectilinear figures bounded bj the tno zigzag lines may be 
reduced by increasing the number and diminishing the areas 
of the rectangles. Thus the curTilinear area may be deter- 




mined within a mai^in of error which may be diminished at 
pleasure. This process for determining areas is called the 
Method of Quadratures. 

8. It may happen that this method of approximation sug~ 

fests the limit to which it tends. The Integral Calculus 
iffers from the preceding method only in that it substitutes 
absolute exactneat for mere approximation. The curvilinear 
figure must have some exact area which is the limit of the 
results of the above operations. If, therefore, that limit may 
be inferred from them, they lead to the aolution of a piobhm 
of the Integral Caletdua. 

9. Again, one of the most frequent problems of Djrnamics 
is to ascertain the distance passed over in a given time by 
a point moving with continually- varying velocity. If the 
point were moving with uniform velocity, the distance de- 
scribed by it in any time could be immediately ascertained. 
The approximation to the distance described by a varying 
Telocity is analogous to the approximations above described, 
and consists in supposing the velocity to change not conti- 
nuously but aft^r intervals, and remain uniform during each 
interval. The shorter the intervals, the more nearly does the 
distance computed on thia supposition approximate to the 
real distance described. Let the distances be computed on 
the hypotheses, fint, that the point retains throughout 
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each of the intervals into which its motion is hypothetically 
divided, the velocity it actually has at the commencement of 
that interval; secondly, that the point has throughout each 
interval the velocity it actually has at the termination of that 
interval. The first hypothesis evidently gives the distance 
traversed too small; the second hypothesis too large, if the 
velocity be a continuously-increasing one. By diminishing 
the hypothetical intervals, the error of approximation is re- 
duced; and if the limit to which these operations lead can be 
found, the result is the solution of a problem of the Integral 
Calculus, 

10. The principle on which all the above cases depend, 
may be stated generally thus :— A quantity is to be measured 
which cannot be immediately compared with the unit pf mea- 
surement. The quantity is therefore divided into several 
parts, and it is ascertained of each of these, that it exceeds 
one, and falls short of another, of two quantities measurable 
by the given unit. The sums of the two series of measur- 
able quantities are the one greater, the other less, than the 
whole quantity to be measured. 

This process has been continually practised by the most 
unskilful as well as the most skilful computers. It is applied 
in innumerable cases in the ordinary avocations of life. The 
science which from this kind of approximation extracts 
rigorous and exact truth, is the Integral Calculus. 

The foregoing remarks will probably sufl&ce to show the 
student what kind of reasoning may be expected to engage his 
atteiltion in this subject. They serve also to render intelli- 
gible the following slight sketch of it« history. 
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SECTION IL 

EABLY HISTOBY OF THE INTEGBAL CALCULUS. 

Pjthagoras, born about 590 B.C., died about 497 b.o. The 
history of his mathematical discoveries rests generally on no 
higher authority than that of tradition. The discovery of the 
quadrature of the parabola has been ascribed to him, as ap- 
pears from the following passage in Dr. Hutton's Mathe- 
matical Dictionary. In reference to the theorem that the 
square on the hypothenuse of a right-angled triangle is equal 
to the sum of the squares on the sides, it is remarked, that 
** Plutarch even doubts whether such a sacrifice was made 
for the said theorem, or even for the area of the Parabola, 
which it was said Pythagoras also found out." 

Euclid, who lived about 280 B.C., and about 50 years before 
Archimedes, showed, in his 1 0th Book, that the areas of the 
Circle and Polygon inscribed in it are ultimately equal. He 
demonstrated that the area of the circle is equal to half the 
rectangle contained by the radius and circumference, and thus 
found out a problem of Integration. His method is known 
as the method of Eahauslions, The first proposition of the 
10th Book asserts that, if from the greater of two given 
quantities be taken more than its half, from the resuking 
remainder more than its half, and so on continually, there 
will remain at last a quantity less than either of the given 
quantities. By this reasoning, the difference between the 
circle and polygon is exhausted, and the circle becomes ulti- 
mately equal to the polygon. 

Abchimedes, who lived about 250 B.C., investigated the 
ratio of the circumference of a circle to its diameter. By 
calculating the length of the periphery of a circumscribed 
polygon of 192 sides, and an inscribed polygon of 96 sides, 
he found that the circumference of the circle is between- 
3-iL^ and 3-f^ of the diameter. He left a treatise on the 
Spiral which now bears his name ; and determined the rela- 
tion of the area bounded by that curve to that of the cir- 
cumscribed circle. To Archimedes is attributed the quadra- 
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ture of the parabola, which discovery, however, as appears 
above, has been assigned to Pythagoras also, Let AO be 
a portion of a parabola, O 

its vertex, OB a part of its c ^ 

axis, and AB a straight line 

at right angles to it. The 

proposition in question, 

which is interesting from 

its antiquity and intrinsic 

importance, asserts that the 

area AOB is two-thirds of 

the rectangle ACOB. The 

student may easily ascertain 

after reading the following 

pages, that this result is equivalent to the integration of a 

function of the form ca\ where c is constant &nda variable. 

Archimedes showed in his treatise Tli^^ £<^a»^(»( x»\ xt;Xi»^pot;, 
that the content of a sphere is two-thirds of that of the 
cylinder which just contains it ; that the surface of a sphere 
is four times as great as that of one of its great circles, &e, 

CoNON, a contemporary of Archimedes, is said to have 
invented the spiral which bears the name of the latter, and 
to have proposed to him problems respecting it, which wore 
solved by him.- 

Pappus, who lived towards the end of the fourth century 
(about A.D. 380), demonstrated some of the principal pro- 
perties of the same spiral, by adding together an indefinite 
number of parallelograms and cylinders, into which he sup- 
posed a triangle and cone ultimately divided. Pappus also 
gave in the preface to his 7th Book, the centrobaric method 
of determining the content and superficies of a solid of revo- 
lution in terms of the dimensions of the generatiug figure, 
and the position of its centre of gravity. The theorems of 
the centrobaric method discovered by Pappus, frequently are 
called Guldin's properties, from a much later mathematician, 
Guldini, by whom they were demonstrated. 

Galileo, bom 1664, died 1642, proved that a body 
moving in a straight line with a constant acceleration, such 
as that produced by gravity, describes in any time from the 
commencement of the motion a distance proportional to that 
time. He thence showed that the path of a projectile is a 
parabola. The determination of the distance described by a 
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constantly-accelerated point depends necessarily on the prin- 
ciples of the Integral Calculus, as explained in Article 9. 

ToRiticELLi, bom 1608, died 1647, was a disciple of Ga- 
lileo, and wrote a treatise De Dlmensione Parabola, with an 
appendix De Dlmensione Cycloidis, Dr. Hutton says, that 
Tonicelli " first shewed that the cycloidal space is equal to 
triple the generating circle (though Pascal contends that 
Roberval shewed this) ; also, that the solid generated by the 
rotation of that space about its base, is to the circumscribing 
cylinder as 5 to 8 ; about the tangent parallel to the base, as 
7 to 8 ; about the tangent parallel to the axis, as 3 to 4," &c. 
(See Descartes.) 

Cavalieri, a disciple of Galileo, and friend of Torricelli, 
published in 1635, Oeometria Indivisibilibus continuorum 
nova qu4dam ratione promota, 4to., Bononise. This work, 
which obtained for the author the credit in Italy of inventing 
the Infinitesimal Calculus, proceeds by division of geometrical 
figures into indefinitely small parts. 

Roberval, in 1646, determined the centres of percussion 
and centres of gravity of sectors of cylinders and circles, &c., 
by methods equivalent to Integration. From the letters of 
Descartes, it appears that these discoveries were subjects of 
controversy between him and Roberval. Roberval's Treatise 
on Indivisibles, appeared in 1666, in the Memoirs of the 
Academy of Sciences at Paris, 

Descartes, bom 1596, died 1650, determined the centres 
of gravity and centres of oscillation of various curvilinear 
figures. His method of demonstrating the proposition re- 
specting the cycloid, referred to in the preceding notice of 
Torricelli, is an excellent instance of the geometrical investi- 
gation of the quadrature of curves. The following is an 
extract from a letter from him to Father Mersenne, in 1638. 
(Lettres de Descartes, tome iii. page 384, Paris, 1667.) 

" You commence by an invention of Monsieur de Roberval, 
respecting the space included by the curve described by a 
point of the circumference of a circle supposed to roll on a 
plane; with respect to which, I acknowledge that I have 
never before thought of it, and that the observation of it is 
pretty enough. But I do not see that there is reason to 
make so much noise at having found a thing which is so 
easy, and which any one who knew ever so little of geometry 
could not fail to find if he sought for it. For if ADC be 
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this curve, and AC a straight line equal to the circuniference 
of the circle STVX, having divided this line AC into S, 4, 
8, &c., equal parts, hy the points B, G, H, N, O, P, Q, Sk., it 




is evident that the perpendicular BD is equal to the diameter 
of the circle, and thlt the whole area of the rectilinear 
triangle ADC is double of this circle*. Then, taking E for 
the point where the same circle vrould touch the curve AED, 
if it were placed on its base at the point G, and taking also 
F for the point where it touches this curve, when it is placed 
on the point H of its base, it is evident that the two 
rectilineal triangles AED and DFC are equal to the square 
STVX inscribed in the circle. Similarly, taking the points 
1, K, L, M for those where the circle touches the cur\-e when 
it touches its base at the points N, O, P, Q, it is evident 
that the four triangles AIE, EKD, DLF, and FMC are 
t<^ther equal to the four isosceles triangles inscribed in the 
circle SYT, TZV, VIX, and XQS; and that the eight other 
triangles inscribed in the curve on the sides of these four 
are equal to the eight inscribed in the circle, and so on to 
infinity ; whence it appears that the whole area of the two 
segments of the curve, which have AD and DC for bases, is 
equal to that of the circle ; and, consequently, the whole area 
contained between the curve ADC and the straight line AC, 
is triple that of the circle." 

Gregort (St. Vincent) of Bruges, published in 1647, 
Optu Oeometricum QuadraturiB C'treuU et Sectionum Coni. 
He showed that the space between a hyperbola and its 
asymptote is divided into equal jortions by straight lines, 
which divide the asymptote into parta in geometrical pro- 
gression, and which are parallel to tne other asymptote. 

Febmat, who died 1663. was author of a "Method for 
Quadrature of all sorts of Parabolas," and a treatise on 

' B J a propeit; of the circle mcntioiied in tbe notice of Euclid. 
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Maxima and Minima, in which problems concerning the 
centres of gravity of solids are solved bj a method re- 
sembling Newton's Fluxions. 

HuYGENs, in 1651, published Theoremata de Quadraturd 
HyperbolcB, Ellipsis et Circuli ex dato Fortionum Cfravitatis 
Centro; and in 1658, at the Hague, his celebrated Horolo^ 
gium Oscillatorium sive de motu Penduloi-um, in which he 
states that he was the first discoverer that a certain segment 
of the cycloid is equal to a regular hexagon inscribed in the 
generating circle. He showed that the time of oscillation of 
the cycloidal pendulum is independent of the extent of vi- 
bration, and from the principles of the pendulum measured 
the effect of gravity, by which he showed that a body 
descended vertically from rest in vacuo, in the latitude of 
Paris, 15. French feet in one second. 

Wallts, in 1655, published his Arithmetica Infinitorum, a 
great improvement on the Indivisibles of Cavalieri. Wallis 
treats of quadratures, and gives the first expression for the 
quadrature of a circle by an infinite series in this work, 
" in which," says Professor De Morgan, " a large number 
of problems of the Integral Calculus is solved, and which 
contained more hints for future discovery than any other 
work of its day." 

Neal, in 1657, made a remarkable step in the Integral 
Calculus. He appears to have been the first person who 
determined the exact length of any curve. Wallis, in his 
Treatise on the Cissoid, states that Neal's rectification of the 
semi-cubical parabola was published in July or August, 1657. 

Van Haurent, in Holland, in 1659, also gave the rectifi- 
cation of the semi-cubical parabola, as appears from Schooten's 
Commentary on Descartes' Geometry. 

Gregory (James) published, in 1667, Vera Circuli et Hy- 
perbola Quadratura, to which he added in the year following 
GeonietritB Pars Universalis, of which the method resembles 
that of Eoberval's Indivisibles. 

Dr. Barbow, in 1670, published his Method of Tangents. 
He died in 1677, and the year following appeared his demon- 
strations of Archimedes' properties of the Sphere and Cy- 
linder, by the method of Indivisibles. 

Leibnitz, in 1684, gave in the Leipsic Transactions an 
account of his Differential Calculus. It is agreed that this 
was the first time that this grand discovery appeared in print; 
though in the celebrated controversy which arose as to his 
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claim to the priority of this invention, a Committee of the 
Eoyal Society decided that " Sir I. Newton had even in* 
vented his method before 1669." The general opinion of 
modern mathematicians appears to concede to Leibnitz the 
merit of an independent discovery, and to exempt him fro^a 
the charge of plagiarism. 

Qbeogby (David) published, in 1684, Exercitatio GeO" 
metrica de Dimemione Figurarum, 

Newton published his Principia in 1687, the most memo- 
rable year, therefore, in the annals of science. The doctrine 
of limits, conceived and applied in the earliest periods of 
mathematical research, had been rapidly growing in import- 
ance at the time of Newton and Leibnitz. The great step 
made by them consisted in connecting the idea of limits with 
a specific notation, and in erecting into a regular system d^ 
science which before their time had been exhibited only 
in isolated theorems. A large part of the results of the 
Principia are demonstrated by geometrical methods equiva* 
lent to Integration. Newton's Method of Fluxions was first 
published in 1704, subjoined to his treatise on Optics. 

Mebcator (Nicholas), in 1688, published his Logarith- 
motechniay and is stated to have been the first person who 
ever investigated the quadrature of curves analytically. This 
he did in a Demonstration of Lord Brouncker's Quadrature 
of the Hyperbola, by Wallis's method of reducing an alge- 
braical fraction to an infinite series by division. 

By the English contemporaries of Newton, the Integral 
Calculus, a Differential Coefficient, and an Integral, were 
called the Inverse Method of Fluxions, a Fluxion, and a 
Fluent respectively. The notation and phraseology of fluxions 
is now almost obsolete. The methods of Exhaustions, Prime 
and Ultimate Katios, Infinitesimals, Indivisibles, Eesidual 
Analysis, Analx'sis of Derivations or Derived Functions, and 
of Limits, are different appellations which the same sulyect 
has at different times received. 

From the time of Newton and Leibnitz the Integral Cal- 
culus rapidly advanced. Its progress was in a great degree 
due to John and James Bernouilli, who published a large 
number of memoirs on the subject; to Maclaurin, whose 
Fluxions appeared in 174^; to Cotes, whose Harmonia Men^ 
surarum appeared in 17122; to D'Alembert, who gave Memoirs 
on the Calculus in the Paris and Berlin Memoirs; land to 



12 INTEGRAL CALCULUS. 

Euler's great work, Institutio Calculi Integralis. Petr. 1768, 
3 vols. 4to. 

The analytical part of the Integral Calculus consists in 
reducing integrals to forms by which their numerical values 
may be computed. This computation is usually facilitated 
by the common mathematical tables of sines, cosines, loga- 
rithms, &c. But many integrals cannot be found by these 
tables. In order to compute such integrals, other tables 
have been constructed, of which the principal are called 
Tables of Elliptic Integrals, from their relation to the length 
of elliptic arcs. 

Fagnano, in his Produzione Matematiche, 1750, investi- 
gated a remarkable theorem respecting these arcs, which 
bears his name, and shows how the length of two arcs may 
be taken so as to differ by an assigned algebraical quantity. 

EuLER gave to the world some of the most important dis- 
coveries which constitute the basis of this branch of the In- 
tegral Calculus. In 1761 he published, in the Petersburgh 
Tmnsactions, the complete integration of an equation in- 
volving two terms, each an elliptic function not separately 
integrable. Euler also. invented the class of integrals which 
are known as Eulerian Integrals. 

Landen, in 1775, published his theorem showing that any 
arc of a hyperbola may be measured by two arcs of an 
ellipse. 

Lagrange's Memoirs in the Turin Transactions, in 1784 
and 1785, greatly extended the subject of elliptic functions 
in a part of it which Euler had not discussed, and rendered 
the determination of numerical values of elliptic functions 
very complete. 

Legendre undertook the task, involving immense labour, 
of computing a greatly-extended series of tables. The second 
volume of Legendre's great treatise on elliptic functions, to 
which a large part of his life had been devoted, appeared in 
1827. To him is attributed the merit of giving to the sub- 
ject that systematic arrangement and connection which con- 
stitute it a separate science. 

Jacobi, Professor of Mathematics in Koningsburg, pub- 
lished shortly afterwards, in Schumacher's Journal, his re- 
searches on elliptic functions. His principal object was the 
investigation of certain general relations of these functions, 
of which the investigations of Lagrange and Legendre involve 
par^'eid^r cases. 
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Abel, Professor of Mathematics in Christiania, gave in- 
vestigations of the suhject in Crelle's Journal, in 1827. He 
arrived independently at many of the important discoveries 
of Jacobi, and contributed valuable theorems respecting what 
are called ultra-elliptic functions. The -works of Abel, who 
died at the early age of 27 years, are esteemed among the 
most important contributions to modem analysis. 

For some account of modem discoveries in Calculus, the 
reader may be referred to Moigno's edition of Oauchy*s Lemons 
de Calcul Differential et de Calcul Integral, 1844. 

Among the best known general works on the Integral Cal- 
culus are the following: — 

Bossat, Cal. Diff. et Integral. Paris, 1798. 

Boucharlat, Differential and Integral Calculus, Eng. Translation. Cam- 
bridge, 1828. 

Camoty Metaphysique de Calcul Infinitesimal. Paris, 1796. 

Canchy, Lemons de Cal. Diff. et Int. Vol. 2, Calcul Integral. Paris, 
1844. 

Condorcet, Calcul Integral. Paris, 1765. 

Coumot, Des Fonctions et du Calcul Infinitesimal. Paris, 1841. 

De Morgan's Diff. and Integral Calculus. London, 1842. 

Duhamel, Cours d' Analyse. Paris, 1847. 

Enler, Institutiones Calculi Integralis. Petersburgh, 1792. 

Gregory's Examples on the Diff. and Int. Cal. Cambridge. 

Hirscb, Integraltafeln. Beriin, 1810. 

Lacroix, Calcul Diffl et Integral. Paris, 1797. 

Lagrange, Le9ons sur le Calcul de Fonctions. Paris, 1806. 

Landen's Residual Analysis. London, 1758. 

Legendre, Exercices du Calcul Integral. Paris, 1816. 

Traits de Fonctions EUiptiques, 1825-8. 

Littrow, Anleitung zur hoheren Matbematik. Vienna, 1836. 

Mending's Tables of Integrals. 

Ohm (Martin), System der Matbematik, 1833-51. 

Baabe, Die Differential und Integral Bechnung mit Functionen Mehrerer 
Yariabeln. 

Schldmlich, Handbuch der Differenzial Bechnung, 1847. 

Taylor, Methoduslncrementorum. London, 1715. 
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SECTION III. 

DEFINITIONS. — GENERAL PRINCIPLES OF INTEGRATION. 

11. Quantities are said to be functions of one another, if 
their values depend in any manner on each other. The 
letters F,/, <^, &c., prefixed to quantities, are used to denote 
functions of them. A function of several quantities is ex- 
pressed by writing the letters F, /, &c., before them all sepa- 
rated by commas. 

12. A variable is a symbol of quantity to which different 
values may be assigned. 

13. An independent variable is a symbol of quantity, on 
the value of which the value of a function of it is considered 
dependent. 

14. A limit is the exact value which a function approaches 
nearest, as the variables on which it depends approach assigned 
values. 

15. The limit of a finite continuous function of several 
quantities is the same function of their limits^ or if y^, y^, j^ 
... be the limits of y^ y^, 5^3 ••. respectively, 

limit of /(yi,y2»y3 •••) =f(7v J2* Js •••) (1)» 

where / means " any finite continuous function of." 

A continuous function is one such that the series of opera- 
tions denoted by it when performed oh more and more nearly 
equal quantities, produce more and more nearly equal results ; 

••• f(^v ^2* ys •••) —fiJv y2» 73 •••) (2)» 

is smaller, as y^ y2» ^s* <^c., are more and more nearly equal 
to yj, yg, yg, &c., respectively. Therefore, the limit of the 
finite quantity (2) is zero, or 
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limit of /{(^i. y^, y^ ...) -/(ji. y^, y, ...)} « 0, 
from which equation (1) immediately follows. 

16. The quadrature ^i a finite continuous function of one 
variahle having a limited range of values is the sum of pro- 
ducts of successive values of that function, each multiplied 
by the differences between the corresponding value of the 
independent variable and the next preceding or succeeding 
value. 

17. The integral of such a function is the limit which its 
quadrature has when the differences of the independent vari- 
able approach zero, and their number approaches infinity. 

18. Let yx denote a finite continuous function of a, and 
let 6| and b^ be two constant assigned values of a. Also, let 
^^, *jj» *3 ... *« be any successive intermediate variable values 
of a*. Then the quadrature of /a is by the definition, either 

f^ii^i—^i) +A2K— ^i) +A3K— ^2)+ — +/*2(*2— ^«)» 
or /^K— *i) -f AiK - ^1) +/«2(^3— ^2) + ••• + ^<a?„(52— ^„). 

The integral of the function is the limit which these series 
approach when the differences a?^ — 5^, a^ — a?^, &o., approach 
zero, and their number infinity. 

19. In Art. 7, let w be the abscissa, measured from B 
along BC of any point in the curve BA, and lety^p denote the 
corresponding abscissa. Then it is clear that the differences 
ofi — hj^y «2 — a?p &o., denote the breadth of the rectangles 
drawn in the figure, and /a^, fx^^ &c., the corresponding 
altitudes. Hence, the several terms in the foregoing series 
denote the areas of those rectangles, and their sum is an 
approximation to the curvilinear area ABC, whence the term 
quadrature is derived, 'since that quantity expresses approxi* 
mately the number oi square units (square feet, square yards, 
&c.) contained in ABC. Also, the integral is the exact area 
ABC ; for the magnitude of this area is between the magni- 
tudes of the inscribed and circumscribed figures. But the 
difference between the two latter magnitudes has the limit 
zero. A fortiori, the curvilinear area differs from either of 
them, by a magnitude which has the limit zero. 
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As the figure last referred to is drawn, the initial values of 
X and of fx are both 
supposed to be zero. If, 
however, they be finite 
positive quantities, the 
integral represents an 
area such as ahcd, where 
is the origin from which 
the abscissfiB are drawn, 
and 

oc = h^, bc^fb^, 

od=ibj^, and od^^/b^, 

20. Both expressions for the quadrature in Article 18 have 
the same limits if^^ have only one finite value for each 
value of X from ft^ to b^^ for then they differ by the quantity 

(/^3 - A2) K - ^2) + • • • + {fK -f^n) ih - ^«). 

Let A^ be the greatest of the successive differences of x 
in the preceding quantity, which is therefore less than 

{/x, •^/b)Ax + {/x., -fx,)Ax + ... + {/b^ -/x„)Ax, 

which expression is equal to [fb^^-fb^Ax, This, there- 
fore, is the difference between the two quadratures ; but if 
fb^ and fby^ be finite, fb,^ "f^i ^^ finite; A^c is zero in the 
limit. Therefore, the difference between the two quadra- 
tures is zero in the limit, i. e., they have the same limit. 

21. The preceding article is exactly illustrated by the 
Lemma iii. of Newton's Principia, whict is as follows (sup- 
posing all the parallelograms spoken of in the original to 
be rectangles) : — 

In the plane figure bounded by the curve AF and straight 
lines AA^ AF, at right angles to each other, are inscribed 
any number of rectangles AB', BC', CD' ... on unequal 
bases AB, BC, CD ..., and the rectangles AB'', BC", CD" 
... are completed. If the breadth of these rectangles be 
diminished, and their number increased indefinitely, the in- 
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scribed figure AKB'LC'MD'NE'E, and the circumscribed 
figure A A' B'' B' C" C D'' D' E'' E F are ultimately equal 
For let Ay be equal to 
the greatest breadth ^' 
of the rectangles, and 
complete the rectangle 
A/", then this parallel- 
ogram will be greater 
than the difiference be- 
tween the inscribed 
and the circumscribed 
figures. But when 
its breadth is dimi- 
nished, it will be less 
than any assignable 

quantity, and, therefore, a fortion, the difference between 
the inscribed and circumscribed figures will be less than 
any assignable quantity, and, therefore, they are ultimately 
equal. 

22. When fx continually increases or continually decreases^ 
as X increases, the value of the integral is between those of its 
quadratures. First, let fx continually increase as x in- 
creases, then the integral is less than the first quadrature. 
Art. 18; for let of and a?" be any two successive values of 
X, then one of the terms of this quadrature is faf'{a/^ — a/). 

Now, take a value x^^ between a/ and af\ then the term 
in question is replaced by 

which is less than the term just mentioned by 

a quantity which is positive, since fa/' is always greater 
than faf; therefore, the effect of increasing the number of 
terms is to diminish the quadrature. But as the number 
of terms is increased, the value of the integral is more and 
more nearly approached ; therefore, the integral is less than 
the first quadrature. 

Similarly may it be shown that the integral is greater than 
the second quadrature. 

The same reasoning may be applied when the function fx 
continually decreases as x increases ; therefore, m ^S^Jc^Kt. ^5»a»^ 
the integral has a value between ftiose oi\\a i^^^A-wtosx^^- 
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23. The $ymhol of integration is /*, which derives its 

form from the initial letter of the word Summa, or Jiirn, 
The integral of a function fa of a variahle a? is written 

Jfof . da ; where the limit of the difference hetween two suc- 
cessive values of a is represented by dx, which is, therefore, 
differential, or diminished without limit ; and /x . da is the 
general form of the limit of any term of the series in Art. 7, 
and is also differential. 

24. The limits of an integral are the two constant assigned 
values of the independent variable h^ and b^t in Art. 7. The 
greater and less of these values are frequently designated 
the superior and inferior limit respectively. 

25. When the limits of an integral are expressed, or 
defined, it is said to be definite; when they are not defined, 
ind^nite. In the first case, the integral is said to be taken 
hetween limits. The usual way of expressing this symbolically 
is, by writing the superior limit above, and the inferior below, 

the symbol of integration. Thus, / fx»dx is the integral 

of /«, between limits ^j and ft-,. 

26. The value of the integral is independent of the differ- 
ences of the independent variable in the quadrature. For the 
limit of the quadrature is, by Art 14, an exact quantity, there- 
fore it cannot depend on the values a^^ x,-^, ^a ••• ^n» ^^or their 
differences, which may be altered arbitrarily. Also, it is 
evident that the integral does not involve any other values of 
Xt except b^ and by 

Corollary. Hence / fxdx = / f»d»y where z is 

any other quantity than x. 

27. The sum of definite integrals, the inferior limit of each 
being the superior limit of the next. If the series in Art. 18 
were continued to the right, to the term in which x = b^, 
the limit of this additional part of the series would, by the 

preceding definitions, be / f^x , dx. Also, the limit of the 
whole series, including the additional part, would be 

fx , dx. But this whole series is the sum of that written 

-. ^» 
in Art. 18, + the supposed additional part. Hence, 



PBINOIPLBS OF INTSORATION. 19 

jxdx^l fxdx + 1 fxdx (1) 

Similarly, 

/ fxdx^J^ fsi^dx^rj^ fx.dx + ,.. •\- 

flyx . dx ^f'yx . dx, 

d8. An Integral between limits is the difference between two 

fx dx is inde- 
pendent of all the values of x^ except 63 and ^^. Therefore 
this integral may he put equal to F (6^, ftj, some function 
which contains no value of x except b^ and 63. Similarly, if 
the form of this function he general, that is, capahle of repre- 
senting the integral for all values of the limits, / ^fxdx^^^ 

J \ 
F (ftgj <^i)' Hence, from (1) Art, 27, transposing, 



J\ 



'/Of . dx ^T {h,,b,) ^IP (b^,b,); 

^8 



hut / fx.dx involves no other vsdue of x than ^3 and b.^. 

Therefore b^ disappears from the last equation, which, conse- 
quently, may he written 



Jl 



h 



fx.dx =zTb^^Tb./, 

fxdx^=i— I fxdx, 

$29. By Article 26, the value of the integral is independent 
of the differences Xj^ — b^, x,^ — x^, &c., in Art. 18. We may 
therefore suppose those differences all = ^ ;», so that 
(n + 1) ^^ = ^2 — ^- Then, by Art. 28, 

limit oi(/x, +fx^ +A3 + ... +fx, 4-/62) Sx =Tb^ - Fb,. 

The number of terms in . the parenthesis is n + 1. Now 
suppose, first, that the fx is always positive ; and let fa^ 
be its greatest, fa/' its least value between the limits; 
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then fsf is greater and faf^ less than any other of the 
terms in the parenthesis. Hence (» -|- I) fa/ is greater, 
and (n + l)/i" is less than their sum ; 

or, putting (« + 1) ^a? = /t ; hfaf > FJ^ — F6j 

There must therefore he one or more values of x between x^ 
and ^2* ^^^ which A/^ = Fi^ — f5j^. But this intermediate 
value of X must also be between h^ and b^, since ^^ may be 
taken as near h^^ as we please. Therefore the intermediate 
value in question may be expressed by h^ + 6hy where B is 
some positive proper fraction. Hence, since we have sup- 
posed 5^ = 3j^ + A, we have the formula 

hfih + ^^) = F (5, + A) - Yh^ ^J^^'^^fx . dx 

The same conclusion would be arrived at if /« were sup- 
posed to be always negative. Hence the formula is true 
when fx is either always positive or always negative be- 
tween the limits h^ and 6^ + h, 

80. The following is a geometrical illustration of the 
formula h f (b^ + ^ h) = 



J \ 



bi+h 



f X dx. 



/ 



Let f X represent, as in 
Art. 19, the ordinates of the 
curve ah^ and x its abscissa, 
measured from • o along 
od\ oc = bj, oflf a=bj 4- h; 
.'. cd = h, Alsoic = fb^; 
a(i=rf(b^ + h). Then the 

&rea, aocd =z / fxdx. 



Now the formula asserts that 



between be and ad there is some intermediate ordinate repre- 
sented hjfe in the figure, and by f (bj + Bh) in the formula, 
such that ye x cd =. area abed, a proposition which, from 
geometrical considerations, is evidently true. 
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31.-4 Function is the differential coefficient of its Integral 
Dividing by h, the result in Article 29, 

Taking the limit of both sides of this equation, when h has 
the limit zero, 

J'bj^ = differential coefficient ofFh^, 
by the definition of a differential coefficient. Hence is seen 

that INTEGRATION IS THE OPERATION INVERSE OF DIFFEREN- 
TIATION. 

32. The integral of the sum of several functions between 
given limits = the sum of the integrals of the several func- 
tions between the same limits. Let the severed functions be 

I /ii»flra:= limit of (/i«i+/i«2+/i«3 +--/i^2) ^^ 
J^ f^a dx = limit of (J^x^ -\-f^x^ ^-f^x^ + .../a^a) Ix 

f */,« dx = limit of (/^a?i +/«^2 +/«^3 + — /.*«)^« 

Adding, f y^x ^^ + /? A^ ^^ "*"*""*" A **^"^ ^* ~ 
limit of {(/ia?i+/2a?i+... +/„a;i) +C/i«'2+/2^2+ ••• '^fn«2)+ 
&c. -h (/ia?„ ^/a^^n + ... -*-/«««)} ^« = 

33. A constant multiplied by the integral of function between 
given limits = the integral of the function multiplied by the 
constant between the same limits, liOt c be the constant. Then 



^^ 



niTBOBAL CALOtTLUS. 



•^ 



c I ^fx dx = c limit (/a^ +/», +f^a + ••• +fK) ^^ 
= (by Art. 15) limit of (cfa^^ + cfx^ + cfx^ + ... cfh^ Ix 



'Jh 



h 



= / cfx . dx» 



34. To show that I ^ y dx '\- i %dy ^=^ h^c^ — ■ ^i ^i > if 

y he a function of u, and have the values e^^ c^, vohen u has the 
values 5j, &|, respectively, y., ^^,5^3 ... y« being successive 
values of me function y and t^^, u^... u^oi u, we have, by 
Art. 18, 

/ y du = limit of {c^ (Uj^ — ftj + y^ (u^ -^ u^ + 



^2 («*3 — «*«) + ••• + y» (^2 — ««»)} 



/ udy e:: limit of {w^ (^^ — c^) + 

•f Ci 
% (^2 - yi) + - + ^'^ (^'n - yn^i) + h (PH - t/n)}' 

By adding together the quantities in the { }, it will be found 
that all ill each line except one appear in the other line with 
contrary signs. So that the sum in question is reduced to 
K ^2 "" ^1 ^1 • Hence 

r^ydu-^ J ""udy szh^c^^bj^Cj^. 

35. The conclusion of Art. 34 may be arrived at from geo- 
metrical considerations, as follows : 
Let AB be a curve re- 
ferred to, Ox, Op as 
axes of co-ordinates. Let 

OC = 5j, OD aa ig. 

Then the area ABCD= 

In the same way, if 
OE«Ci,OFb=c2, the 



area ABEF 
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Therefore j y dx •\' H^xdy = figure AFEBCD as 
rectangle AO — rectangle BO = ft^Cg — J^c^. 

36. To determine J dx. In the first equation, Art. 29, it 
is not necessaiy that fx should he variahle. Let it a 1. 

Then limit of {Ix + 5a? + ... -f- J«) =« f ^dx. 
But, evidently, the left-hand side of this equation =** ^^ "" ^i» 

.'. h^ — ftj == / ^dx. 

37. If X and y he functions of each other, so that 

I fxdx = / (fydy (1), and » = ^ when y «= c, 

then fx dx :=^ (py dy. 

For let (Art. {28) the first of these integrals = F;?? — F^, 
and the second = O^ — ^c. Then 

Fa? — f6 =s4)5^— 4)C. 

Let X hecome x -^-Ix when y hecomes y + iy. Then 

F (a? + Jfl?) — F^ = «> (y + 5y) - Oc. 

Subtracting the last equation from this, 

F (a? -f 5^) — Fic = 4) (y + ly) — Oy, 

F (;» + Ix) — F^ <»> (3^ + ^y) — ^y ^.y / v 

$x 5y $x ^ ^ 

Now this equation is true, however small ^x and 5y may be ; 
therefore, the limits of both sides (corresponding to the limit 
zero of ^x and Sy) are equal ; or, by Art. 17, 

. dy I* ^^ ^ ,a\ 

f^^^^dx' ^"^ f^'i^^^y ('^)» 

whence, fxdx =a ^ j dy. 
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38. To prove that if fxdx^=^(fy dy, and x he equal to 
h^ and h^ when y is equal to c^ and c^ respectively , then 

/ fxdx =± / (pydy. 

ph^ pc^ pe^ 

For let / fxdx = / (^y dy -f- j ^ ^i^ «y» 

then, by the last proposition, fx =: ^y + f^y. 

But by the hypothesis yx = ^y, 

.\ (p^y = 0, .*. / '<Piydy = 0, 

for this last integral is the limit of the sum of a series 
of which the terms are all absolutely zero ; 

y^^a /'^s /'^a/ dx\ 

». /* • '^^ = y,. ?y- '^y=j,^ ( ^* rf^j ^^y-' ^y (^^- 

39. From the preceding article follow many important re- 
lations among definite integrals. For instance, let y + a = ^; 
then e^ •{- a =b.^, c^ -f a = 5^, dy = dx; .-. fx =: (py = 
f(j^ _ a), and the formula becomes 

Now in the first of these integrals we may, by the Corollary, 
Art. 26, write y for x. Therefore 

f[x — a)dx^=:^ I fxdx (I.) 

Similarly, 

y^V(* + «)^^=7^^^V^^^ (n.) 

f^^''^'f{h-^^)dx^f^yxdx (III.) 

Putting y-^a^s^x and \ — y = x successively. 
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Putting y =— x\ I ^fxdx =:i I ^f{'^x)dx ... (IV.) 
And generally, if a? = \y, whence y = ^x^ dx = \^ydy^ 
J^ ^ fxdx^ J^^'f{'^x)\'xdx (V.) 

40. Indefinite Integration. We have shown that if 
function can be integrated between any limits a and> 

its independent variable, the integral is of the form F (a) — 
F(^). There is a large class of functions which cannot be 
thus integrated between all limits, or of which the general 
integral cannot be found. The first part, however, of the 
science of integration, is confined to the investigation of 
general integrals. Our object is, therefore, to find the Jorm 
of the function F, which represents the result of the inte- 
gration of the function f. It is not necessary for this pur- 
pose to find Fa — F^, but, simply, Yx, from which Va — Fb 
may be found by substituting a and b successively for x, and 
subtracting. In the following chapter, therefore, F^ alone is 
required. 

Corollary. It follows that the formula of Art 34 may 
be written 

fydu-\-fudy^uy, orfydu^uy-^fudy. 

41. Differentiation of Integrals, 

From (o) and ifi), Art. 37, it follows that 

-7- / fxdx^sfx^^l^ fxdx; or, writing a for x, 

d f*(^ 

J- I fad a ^^fa; or, by corollary (Art 26), 



da 

da 
d 



/ fxdx = fa. Also, 

From the first of these equations, it appears that the 
differentiation of an integral may be performed under the 
sign of integration. 
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SECTION IV. 

FUNDAMENTAL INTEQBALS. 

42. To integrate a' da where a i$ a potUive finite ^emtUi/. 
By Art. 15, putting «^ xs 5^ -f- ^a^ ^t^h + ^i^? ACj 
«^ B= 6ji 4- nia, 3j, = ft^ H- (« 4- 1)^^» 



Jh, 



*a*dx 



= limit of (0^1 + ^* + ci^i + 2>« ^ ...a^i + (*-M)>*)a« 
= limit of a^+^* (1 + a*^ + a^^^* + ... a*^*) *« 

= limit of a^i +^* 2— T i ia 

a^^-l 



= Hmitof-^^^^(a^«+^^-a*i+*^) (1.) 



Now the quadrature of which the limit is here to he taken 
is finite, since all the quantities are finite. By Art. 22, the 
integral of such a function as a* has a value hetween those of 
the two quadratures, from which it may he obtained. But 
the quadratures evidently may here be finite quantities with 
the same sign. Therefore, the integral between them is not 
zero, nor infinite. 

It follows that in (1) the limit of -r is some exact 

function of a. Call it A. Then taking the limit of (1) 



h 



C'^^a da>=i A (a^« — a^O- Also, f(f dx = A(f, 

If A be such a function of a that A =a 1 when a has some 
value *, j^^^ ^ ^ 






logs a logta' 

43. jTo integrate -— . Let « = «», and when y « «, c^ c^, 
let » = ^, 6j, *2i respectively. Then 



but 



a^b^ r da, and #y — t* =s y ^^^ rfy, 



by Art. 36, and the last article respectively. Hence by 
Art. 37, 

da OB t^ (^y ; ,*. — • s« rfy. 
Therefore, by Art. 38, 

fi!' T =71"''^"' "* "■ "^ " ^°«' ^'^ ~ ^°^' *^' 

since if « = c^, y = log^ a?. The indefinite integral is 

/da 4 

44. 7o %nt$grats if, Ufheri a i» a finite etmitant and a 
ifariahle. 

Let y = 4?«+^ or log^ y = (« -f 1) log. x, a having any 

real value except — 1 ; when y = c, or c^, or c^, let ^ =« 5, or 
4^, or b^y respectively. Then 

log, y — log^ c = (a -^ 1) (log^ a — log^ b). 

y dy 



/y (i% 
— 

and (a + l)(log ^-log^J)=:(a-vVi J", 



« dei 
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Then by Art. 37, ^ = (a + l) — ; 

y ^ X 

dx 1 

/. Jy = (a + 1) — .««+^; .•. -dy=^dx,af*. 

^ X a + 1 

Hence £y • ''^ = J^ f.yv = J^T ^"^ " '^ 

1 P af+^ 
= (c/+i — c «+i). Also; I ofidx^ r. 

45. John Bernouilli's series. By repeated integration 
by parts, and Arts. 37 and 44, we have, 

y^« , rx dx - 

Xaa; = Xar— / a-j-dx 
%J o dx 

a^dx rxx^d^X 

=:&C. 

«»JX a:^ <f^X 

"" ^ dx ^ "X ,2» dae" 

On the second side of this equation all the quantities are 
taken between the required limits x and 0; since each is zero 

for the latter limit; X, — , ^-^ ... being supposed to be 

always finite. 

If the last term of this series become zero when n is 
sufficiently increased, we have 



''~'Jo 2.3.4...W (fx* 



Xa« = X«— -7-5 h r-r-i ... ad infinitum. 

3 a^ 2.3 dx 



By Art. 29, 
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Hence, a criterion that the last series may be continued 
ad infinitum, is, that f(^x) become zero when n is suffi- 

ciently large, or that then -rrr = for all values 

of X between the limits x and 0. 

46. 6 is the hose of the Napierian logarithms. By Art. 43, 

f^dx^it (1.) 

.•./€-"rf;r = -./€-'(?(-«)= -6-^ (2.) 

Therefore, in Bemouilli's series (Art. 45), if 

Hence the series becomes 

For all values of x in this series the criterion of Art. 45 
is satisfied, so that the series may be continued ad, infinitum. 
The first side of the equation by (2) is equal to — €~* taken 
between limits and a?, or =s •— (e"' — 1) 

Dividing by ^^ and transferring one term to the second 
side of the equation 



a^ a^ 



In this equation put a; = 1. Then 

^=1 + 1+^ + ,-^+^ + ... 

Therefore, e is the base of the Napierian logarithms. 
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.47. 1o integrate $in ^d», I ' sin «i« = limit of 

{8fai(i^i + ^«) -f 8in^6i + ^^^) + *t* + 8in(*, + « + X. Ix)} l»^ 
where ^^ = ^j 4- (n + 1) ^x. 

By a known trigonometrioal fonnala, 

cos (A — B) — cos (A + B) = 3 sin A iin B. 

Therefore, putting B = | ^or 

dsin(5i + ^4?) Bin ^ ^« as co8(&, ^ \ i») — » co8(fti 4*4^^) 
3sin(6, + 2)«)sin^^« = (cos^i + f )«) — (cos J, + |^«) 



Adding these equations, 
2 sin i ^d? {sin (5| + >a?) + sin (S, + 2^4?) + ... 



•f iin(^, 4- n 4» 1 to?)} 



= cos (5, 4. J ^af) — cos (ii + n + i J«^) 
= cos (^, + J ^4?) -- cos (b^ + J5;i?); 



.'. / sin ^ <?« -F limit of 



cos(M- JM--cos(5a +pa?) 1 .^ 

• . ■ , ^ — • — 7 9«r. 

gm I Jo; " 

Assuming the demonitration given in the lalwaqaiBt sec- 
tion on Rwjtification of Curves, that the limit of J Ja? -f- 
sin I ^0? = 1 when $ip b&s the limit 0, we have, 

/ 'sin md» tm oos hi ^ tMb^. Also, / tin mdm «• *« 00s r. 
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48. To integrate coswdw, I ^co8 xda as limit of 



[cos (ii + ix) + cos (6j + 2 Id?) + ... COB (dj 4- n 4- 1 Ja?)} lor, 

where ^^ = 6, + (n + 1) J«. 

By the trigonometrical formula 

8in(A + B) — sin(A + 3) =s8cosAsiaB; 
we have, putting B^=\lx, 

2 cos (6, + Ix) sin I la; 3B lin (6j 4 ||«) — sin (ft + J *«) 

2 cos (fti + 2 Ja;)sinii« w sin {b^ + ^ Ja?) — sin (ft + | ^x) 



.-. 2 sin \ Ix {cos (ftg + Ix) -f cob (ftg + 2 )«) + 



cos (fti 4- 3 Ja?) + ... + cos (fti + n + 1 ^x)} 
= — sin (ftj + I liP) + sin (ft^ + i l«) , 

.-. / coBx'dx = limit of 

sin(ft,4-il^)--sin(ft. + p.?)^^^^^.^^^^^^^^^ 
sm ^ ip 

putting limit of | la; -?- sin | la; = 1, as in the last article. 
Also, y*co9 xdx = sin », 

This integral may be obtained immediately from the pre- 
ceding article, for 

(by the last article) cos ( -^ -^ a? j as sin x. 
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,r^ rry ' 8111 xdOf . CQ8 XdX -,. 

49. To integrate = — and — r-s — . Since 

cos^a? svorx 

Jsm xdx = — cos or, /. (^ cos « = — sin xdx^ 

/smxdx /^dcosx 1 , . , 
5 — = — / — 2 — = ^y Art. 44, 
COS"* ;i? ^ cos'* a; cos « "^ 

50. Similarly, / — :—: — = ; . 

^ sin-^c sin X 

61. I'd integrate (1 4- tan' a:) dx, 

^ „ _ sm^xdx sina;(/coSd; 

tsjrxdxz= -— = ssi-^ydu, 

cos^a? cos'* a? 

.« . J , (fcosa: 

11 y= sm a? and aw = — 3 — 

COS'* a? 

.-. by the last article w = , also dy = cob xdx. 

COS a: 

Now, by Art. 4.0, J ydu =yu —fudy, 

/• „ , sin a? r cos xdx 
tan'* icaa; = / • = tana? — a?, 
cos a? J cos a? 

Therefore, y(l + tan^a?) dx=: x + J't&n^ xdx = tan x. 

52. Similarly, J*(l + cota.n^x)dx will be found to be 
— cotan X, 

or^/(l 4- cotan'^a?){/iB = 
(as has been just proved) =— cotan a;. 
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dx 
53. To integrate -^ 5. If a be DOt zero, 

_^^±.(J: L_\ 

0^ — d^ ^a \x — a a + a/ 

n dx __ 1 /^ dx I /» fl?d? 

* J 9^ — a' ~"^J X ^ a ^aj x •\- a 

Now, dx^dCx — a\ 

* 

/* dx rdix — d) , , x /* ^ i«x 

—^ = y-i-^ = log. (, - «) (Art. 43). 

I . ;i? — a 

If X be less than a, the logarithm just found is the loga- 
rithm of a negative quantity; and is, therefore, impossible. 
In order to express the integral in a possible form in this 
case, put 

p dx __^ r dx ^ 1_ r r dx n dx * 

Ja^^a^ Jai' ^x''^ Ja\J a^x '^JV+HfJ 

= — — { — log(a — d;)+log(a + a?)}=n- ^^g ±Zf, 

dx 



54. To integrate 



(^-±«')* 



Let rfs/ = ^a. + -^-^^-^^ (J) 

= («^ ± o') (Art. 44), .-. y = « 4- («2 ^. ^)i 
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Also from (1), 
dy = T- {{p ± » ) + ^}» •'• -^ = r- 

*^ (^ ±: « ) 

55. To integrate • : where, in order that the 

denominator may he possihle, a^ is greater than x^, if a?' he 
affected by the negative sign. In Art. 54, write - for a, 

- for Xy and, therefore, z; ^dx for dx, 

X x^ 

n ^x-^dx r dx 
Then / , — r-- ^rr =z ^ a I r- 



— x~^ dx /* dx 

{a^ ± xj 

a + {a^± x'Y 



= log, {ar^ +{pr^± a-')i }= log, 



a» 



/' dga 1 . am 
' -r. 5=; - jog : : ™-^ 
X {x^ ± a^)* « a + (a' ± ^^ 

(since the logarithm of any quantity r« -^ the logarithm of 
its recipfocal), 

1 ^ . li 

= - loff :: "T' + -log. (^f 

of which expression the last term - log a may be omitted, 
as it disappears when the integral is taken hetween limits* 

56. To integrate r ' where a> x. 

Let dx = cosy dy. Then (Art. 48), 

X =* sin^, (1 ^ «')! aa cosy. 
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— / — Z-Jl = V = sin""^ X. Hence, 

(]-;i;^)* J cosy ^ 

n dx n dx /* a 



X IT ,« , « 



sin""* - = 7; — COS""* - = — cos""* - if -77 be included in 
a 2 a a 2 

the value of the integral at its inferior limit. 

57. To integrate -y-^ — r • Let -^da = sin y dy. The 

integral of the first side of this equation is , and of the 

second — cos y; .*. we may therefore put - = cosy. Hence 

X 

(ar^ — a^)* . ^ n dx po^ dy mxy 

' ^ = sin y, and / — tt 5u = / ?— = = 

X ^ J x.{x^ — arf J a x^ sin y 

1 /*, y 1 , a 1 ,x 

- Idy = - = - cos""* - = - sec"* - • 
a J '' a a x a a 

dx 

58. To integrate 



/» dx _ /* d{a'—x) 
{^ax--x^y "J {a^ - (a ^ xf}^ 

= COS""* (Art. 56) = versin— * -. 

a a 

dx X 

69, To integrate-^--- — g. Let- = tany, 

a "J" ^ a 

dx = a(l -{- tan^y) dy (Art. 61), 

/ ' dx /^ a(l + taxi^y)dy _ 1 /> 

s= - tan * - • 



a a 
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Collecting the results of this Chapter, we have the fol- 
lowing 

TABLE OF FUNDAMENTAL INTEGBALS. 

/» gx Articlb 
a»d« = r 43 
log^a 

{iiS^dx^=- except w = — 1 when, 44 



X .^ 43 



/ ^yxLss ,dx-=^ — cos ;» 47 

/ cos a; . <3?a; = sin a; 48 

r^^±dx = -i- 49 

»/ cos'^ X cos JC 

/cos a: , 1 
-rrr-dx = : — 
sm^o; smo; 



60 



61 



/ (1 4- tan^a;)ci^a: = tan a; 

/ (1 4- cotan^a;) </« = — cotano; 62 

/rfj? 1 a; — flf , 

a; — a A a a? + ^ 



= --log. ^^ — ' {x<a) 63 



d;v 



/da 1 , a ^^ 

X (a^ ± a;^* "" a ^^* a + (a^±^0* 

7-5 rrr = Sin-*-, or — cosj* - 56 
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dx 1 - a 1 . a? ^^ 

/ 2 :7xI = -C0S-* - = -860 ^- 57 

dx , X 

=s versm"** - 58 

(2 a a; — x'y a 

dx 1 . ,x 

• s= - tan - 

a* + a?* a a 



2^^^=-*^"':: ^^ 



60. The foregoing integrals are all found in terms of loga- 
rithmic, exponential, and circular functions. Tables may be 
obtained \vhich contain numerical values of these functions 
computed to any required degree of accuracy. Therefore the 
values of these integrals may be completely determined. 
Similarly, other integrals which can be reduced to any of the 
forms in the preceding list, may be completely determined. 

61. The operations of iutegration consist chiefly in reducing 
integrals to these fundamental forms. In many cases, how- 
ever, this reduction cannot be effected by known methods. 
Where it is impracticable, resort is had to methods of express- 
ing integrals in terms of convergent algebraical series, or in 
terms of elliptic and other functions not contained in the 
preceding list, but which have been partially tabulated. 

62. For the present, however, attention will be confined to 
those integrals which can be reduced to the forms investigated 
above. The methods of effecting this reduction may be 
classified as follows : 

1. Integration by Algebraical Transformation. 

2. Integration by Parts. 

3. Integration by Formulee of Reduction. 

4. Integration by Hatioual Fractions. 

5. Integration by Eationalization. 

Of each of these five methods a brief account will be 
given in the following sections. 
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SECTION V. 

INTEGRATION BY ALGEBRAICAL TRANSFORMATION. 

68. Theb method, of which instanoes ooourred in Arts. 04, 
86, ^c, consists in finding for the expressions to be inte- 
grated algebraical equivalents which are of the forms of one 
of the ftmdamental integrals, or are the sum of quantities 
having any of those forms. The requisite transformation 
is effected by substitutions and other processes, for which 
no general rula om be given. It is only by continual 
practice and experianco of the effect of various transforma- 
tions that facility in the succesaful f^pplication of this mQthod 
of integration can be attained. One or two examplcks are 
appended, but for an adequate knowledge of the subject, th^ 
student must be referred to larger collections of examples of 
the Integral Calculus. , 

64. Every polynomial of the form (^ + ^« + c<»^ 4- 1..)* ^^» 
may be integrated in finite terms when n is a positive integer, 
and the number of constants a, b, c, &c., fipit§, For the poly- 
nomial may be raised to the power n; the result is tb^ sum 
of a finite number of terms involving only integral powers 
of a, and each term may be integrated separately. 

•65. For exampley(a + h^f d^ ^^S^ ^ /ia6a;-f V^x^)dx 

66. I| tl>e function to be integrated (;^n be o^pr^ged 
as the product of two quantities, PiB, and dFff, pr mor^ gene- 
rally (Fa;)"*, and dYx, it may be always integrated. For if 
Fa? be put = yj the expression takes the form y^dy, of which 

the integral (Art. 44) is j^-— . 

67. For example,y(a + 5a? + cx^) (i -f 3 ex) dx becomes, 
a a -{• hx -{• ex'*- ^ y, fydyz=zlfz^\{a-\-hx-\-cxy. 



69 



88. Agafci,y*aog.«)"^=y(log.ar)"</Clog,*) 

_ (1% «)»+' 
~ n + I 

70. All the preceding formula for integrals of functiona of 

X may be extended to like functions of a -f &d?, by patting 

1 
a + do? =F X, .'. hd^=. dX, and dof =: ^ ^^* 

In tbis manner it will be found that 

/a^o + 6* 
b log, a 

(a + P^) *** "^ A ^ T except w = — 1 

/ sin (a + Aj:) </;»= — - cos (a + ^^) 

/ cos (a + ^0?) dai =^ J- sin (a + 5a;) 

y {I 4- tan* (a + bof) } </a? = - tan (a + *4?) 

/ {1 -f cotan*(a + 5a?)} da!=: -^j cotan (a + 5«) . 

71. A similar extension of formulsB for functions of 
a* ± a\ to like functions of a + bx 4- ca?% where a^ 5^ esssL 
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c are positive or negative, may be effected by tiie following 
transformation : 

(a h^ f h \2) 

a h^ 
if —J = A, where A may be positive or negative, and 

— 4. a? = y, .-. fl?d? = dy. 

Hence it will be found that 
dx 1 r* dy 



/* da _ 1 /* 

a + bx + cx^ '^ c J % 



r + A 

(A negative) 

11 V 

= -— ^ tan"*-— (A positive), Art, 69. 



y-» dx _ ^ /* ^y 



= ^ ^ogf {y + (y^ + A)*} (c positive, 
A positive or negative), Art. 54. 

= \i^^^ ' 7 — i^\ (-^ *°^ ^ negative), 

Art 56, 

(impossible if A be positive and c negative). 
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SECTION VI. 
INTEGRATION BY PABTS. 

72. A FORMULA has been given, in Art. 40, of which very 
extensive use is made in integration, and of which applica- 
tions have been already given in Art. 45 and 51. This for- 
mula, called the formula of integration by parts, is 

fudv = uv — J'vdu, 

Anj differential function of one independent variable may 
be put in the form udv. If, then, /"vdw can be ioundyj'udv 
can also be determined by the preceding formula. 

73. To integrate x log^ xdx. Let log^ ;» = «, whence 
— = du (Art. 43). Also let xdx = dv, whence ^ «* = v, 
(Art. 44), 

•'•y «log» xdx zszfudv s=uv — fvdu 

^\x^\o^,x^f\x^ 
= ^«Mog,a?-ia:«. 



dx 

X 



74. To integrate xs" dx. Let i'dx = dv. Then i* = v, 
Art. 41. Also, let xs=u; dx = du. 

J'x&' dx =zj'udv = uv —J'o du = xi* —f^* dx 

= Xl — « . 

/* x*^ dx T , ^xdx 

— — — • Let dv= ^^y 
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TIio formula gives 

76. To integrate dx (a* — «f')*. Since 
Therefore, rf(«» - ^7 = "" ^^"^ 



Hence, integrating by parts, 

^ -^ a ^ {a* -- «-)* 

consequently, transferring to the first 9ide of the equation 
the last member of the second side, we bavQ 

rdx[c?--x')^^^-x{a^^xj + ia'sin-^?. 

77. Tq integrate xcosxdx. Putting yco8a?rf«:s= sin a?, 
we have J'x cos xdx^^xsiax ^Jsm xdx 

= J? sin a; + cosa?. 
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78. To integrate e'coaadx. Performing the operation of 
integration by parts twice, 

J'e* cos xdx s= ^'coBx +y e* sin xdx 

= ••cjostf + c'fiinA^ '^fe'cmxdx. 

Transposing and diyiding both sides of the resulting equa- 
tion by 2, 

yV co9«</« =3 J e* (cos J? + fiinjc). 
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SECTION VII. 

FOBMUL£ OF BEDUCTION. 

79. By Formulsd of Eeduction, integrals involving powers 
of functions are expressed by integrals involving lugher or 
lower powers of the same functions. These formidsd are 
obtained by the principles of integration by parts and alge- 
braical transformation. 

80. For instance, the integral of x^ cos a may be made to 
depend on a function of af^"^ ; the latter, similarly, on a 
function of a;"*'"', and so on continually. If m be a positive 
integer, and the process be continued a sufficient number of 
times, the last integral is that of cos a or sin x, which have 
been found in Art. 47 and 48. 

Integrating by parts, 

y^?"* cos a? = a?" sin a — mfx"^"^ sin xd,x 

= af^ sin^ + mar~^ cos j? — w . iw— 1 .y a?"'""*cos xdx 

= a?" sina? + wa?'""* cos a; — w . m — 1 a?"""* sin« — 

w . w — 1 . w — 2 «*"* cosa? 4- &c. 

the positive and negative signs succeeding in pairs. 
For instance, let m = 4 

Jx^ cos xdx = ^* sin a — 4 J'os^ sin xdx 

= a?* sin a; + 4 . a:^ cos;» — 3 . ^fx^ cosxdx 

= x^ sin.^* -\- 4: ,x^ cos x — d.4;i^sin;p + 3.4. ^Jx sin xdx 

= a?* sin^i? -f 4a:'' cos a? — 3 . 4 . a?^ sinx — 

3 . 4 . 2 . a; cos a; + 3 . 4 . 2 . 1 sin ^. 

81. The preceding integral is an instance of a general 
formula which is an extension of John Bemouilli s series. 
By the same method as that by which Bemouilli's series was 
obtained (Art. 45), we have, if P and Q be functions of or, 



FOBMULiE OF REDUCTION. 45 

and Q', Q'^ Q'^' ... successive differential coefficients of Q 
with respect to «, and 

P, =/P(fa?, Pa ^fv.da, P3 ^fv^dx, &c. 

fvQdx = QPj -/Q'P|(/a? 

== QP, - Q'P^ +fQ'%da: = &c. 

82. To integrate «* e*, « being a positive integer. Here 

Q = ar, Q'=na5^-^ Q'' = w. n — 1 .a^^ 

cy^' = w . « — 1 . w — 2 . a;"-^ &c., 

Q("> = w . » — 1 ... 2 . 1, P = 6', Pi = e*. Pa = €*, &c. 

Therefore, 

fs^^'dx = aj^e* — na^^e' + w . w — 1 . ^u^-^g* _ ,.. 

ip w . w — 1 ... 2 . 1 .j^dx 

= €*(«?" — wa?"""^ + w . » — 1 . aj*''^ — ... 

^ « . w— 1 ... 2 . 1). 

The formula of the last article but one is inapplicable, 
except where the successive integrals P„ Pg, P3 ... are simple 

quantities, and Q^") such thaty Q"P„«?ii? may be found. This 
will not generally be the case for functions involving frac- 
tional indices. Such functions may, however, be frequently 
reduced by combining integration by parts with algebraical 
transformation, as in the following example : — 

n 

83. To integrate (a* — «')» rfa?, n being an odd integer. 
In the formula for integration by parts 

Judv sszuv ^ Jvdu, let (a* — a?^)l = w. 

n 

Then — nx (a* — x^)^ "* dx = du; dv =: dx, 
f{a^^9i?fdx^{<^r^9^)txJtnf(a^^x'')r-' ^diA ...<:y.\ 
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Integrating this equation, nj^a^-^xydx^ss. 

Adding (1) and (2), and dividing both sides of the re- 
sulting equation by n 4- It 

^ « 4- 1 



n + lc/ ^ ' 



By this formula of reduction, the integral is made to 

depend ultimately onJ(a^ — sc^)''^dx, which has b6en Ibtmd 
in Art. 56. 

dx 
84. To integrate . ' ^ ■■ g^ . In the formula of integration 

f udv =zuf) ^ fvdu, put » r=a?, tt sft , 

Whence, transposing, putting/? + 1 ac ft, 

/» dx 
(«» ± a«f 

= — ^ fl? 2n — 3 JL^ /* dm 

Except when n s 1. 



f+i- 
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When n is a positive integer, this formula of reduction re- 

/diB US 

-^— — 2 = tan"' - (when 
•J' ~T" tf Ct 

a' has the positive sign). When a^ has the negative sign, 
the ultimate integral is / -5 2 »= r— log . 

86. To integrate J j^-^-^^-^^-^^ = ^y (^T^^T^ 
(Art. 44, except when n = 1), 

— B 






~ + 



-JB 

2(n-.l)(^« + 2ia; + c)'-» "^ 

A-~B5 o; + ^ 



MAM^MB^ni^ 



2«-jj (c-.i2){(a: + ^)»^^(c-i'*)} 



« — 3 1 . - . /» ^« 



by the last article, putting m-^-hior a;, and — &^ for a^. All 
the constants may be positive or negative. 

When w = 1 , we have from the first equation of this 
article and Arts. 48 and 50, 

/(A + Bfl?)dr» B, , „ ^. . 

A — B6 .j i» + i 
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SECTION VIII. 

RATIONAL FRACTIONS. 

86. A rational integral function of a is the sum of a finite 
number of terms which involve only positive integral powers 
of X, and these as factors. 

87. A fraction rational with respect to a; is a fraction of 
which the numerator and denominator are rational integral 
functions of x, 

88. The partial fractions of a given rational fraction are 
those rational fractions with different denominators of which 
the sum is equal to the given fraction. 

89. If the numerator of a rational fraction, cleared of 
negative indices of Xy he of higher dimensions in x than the 
denominator (i.e. contain higher powers of x than the de- 
nominator), the fraction may be reduced to a rational integral 
function, + a rational integral fraction of lower dimensions 
in the numerator than in the denominator. 

For if a rational function of Xy axP-^^ -f 5ajP+«~^ + ... be 
actually divided by another such function of lower dimensions 
in Xy Aa^ + Bx^^^ + 0^*^^ 4- ... (^p and q being positive 
integers), it will be found that the quotient consists of terms 
vdth descending positive integral powers of x, commencing 
with the index ^, and ending with the index 0; and the 
remainder, after division, has terms with only positive inte- 
gral powers of x, commencing with the index jt? — 1, and 
ending with the index 0. So that 

auP+Q + 5a?p+g-i -h cxP+9-2 4- ... _ 
AxP + BxP-^ -h CxP-^ + ... ■" 

AiX9 + B,««-^ + ... + 

where the coefficients AjBi ... ai 5 ... are to be determined 
in the course of the process of division. 



_j . . axP-^+ bxP-^ + ... 
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88? The rational function A^x^ + Bia?«-^+ ... is imme- 
diately integrable by Art. 44. So that for the complete 
integration of a rational fraction, all that is required is to 
integrate a rational fraction of which the numerator is of 
lower dimensions than the denominator. 

S9,^If in any rational integral function of a?, ai^ be a«- 
sumed to have the value hx-^c^ the function becomes linear 
(i. e, of one dimension in x). For ar' = a?**- . « = {hx + c)« 
by the hypothesis; = ha^ + ex, which again, by the hy 
pothesis, is equal \xih(hx -{■ c) -^ ex, which is linear. 

So, likewise, may x'*', x^, &c., be reduced to a linear form. 
So that any rational function of x takes the linear form 

when hx '\- c \a substituted contin ually for a;; a, and being 
quantities not affected by v/— T. 

90. If the preceding «a?-f/S = (1), then a = and 3 = 0. 
For the original assumption or^ = 5d; + c> gives x = 
i^{hf {b^ + 4c^}, and a? = I {i — (&« + 4c)»}. Therefore 
equation (1) is required to be true for two different values 
of X (except when 4c =— J*); call them x^, x^ Then 

'« a?, -f ^ = 
«*2 + ^ = 0. 

Subtracting, a (a?, — x^) = 0, .•. a = 0, since Xi — x^ is 
not zero. 

Substituting a = in either of the equations last written, 
we get 3 = 0. 

91. To show that real quantities^ A and B, independent of x, 
may be found su>ch that 

<l>x Aa? + B 



where <l>x and ^a; are rational integral functions, and do 
not contain x^ — bx ^ c as a factor, x^ * rational fraction, 
and n a positive integer. 

<l>x^(Ax + B)^lrx _ 

{x^^bx^cy^x "^ ^^ 

Now, by a principle proved in the theory ol eiQ^^\<2pfts^>«ss^ 
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rational integral function of x contains «^ '— (^r — c as a 
fiEU3tor if the lunction = when «* — 6# — c =s 0. 

The numerator on the first side of (d) is a rational integral 
function of x. If, therefore, real quantities A and B can 
he determined, so that this numerator =0 when d^_5jr — 
= 0; then the numerator is divisihle once, at least, hj 
«* — 6a? — c. 

The quotient will be a real rational integral function ^jor. 
Then (2) becomes 

or x^ is a rational fraction. 

It only remains to be shown that A and B are real quan- 
tities, when determined by the condition supposed, namely, 
that 

ifix — {Ax + B) iff a; = ... (4), when «' — 5a? — c = 0. 

It has been shown by the last article but otie, that when 
a?* — 6a? — c = 0, or a;^ = 6a? + c, ^a? is reduced to the linear 
form ax -j- fi, and ^a; to a similar linear form of a + /^i 
where «, j?, a% ff, are real quantities ; therefore, (4) takes 
the form 

aa-^p"- (Ax + B) («'a? + ^) == 0, 

or, multiplying the quantities in parentheses, and putting 
ai^ z=zbx '\- c, 

aa? + /5 — Aa' (6a? + c) + A& x + B («'a? + /S') » 0. 

By the last article the coefficient of x in this equation is 
zero, and the quantity independent of x is zero, or 

« — A (a'6 — ^') -H Ba' = C, 

iS— Aolc + Bg' = 0. 

(Except, as before, when — 4c = 6^, when («^ — 6a? — c)" 
= (a? — ^ 6)*»; see next article but one.) 

It is clear that the values of A and B foimd from these 
equations are real quantities, independent of x. 

From (1) and (3), 

^a? ^ Aa? -f B 

(a?^ — 6a? — c)" ^x "^ {g^ — hx ^ c)* 

"*"(«*_ 6a? - o)->a? ^*'^ 



RATIONAL FRAOTIONS. 51 

92. Supposing the last fraction in this equeition in its 
lowest terms in a?' — 5a: — C| we have, similarly, 



{ai^ — bx — c)*"^ ^0?* 

and so on. Therefore, generally, 

<l>x Ax -f B 



{x' — 5a? — cy ^x (x^ — 5a? — cy 

AtO? + Bt A,a? + B> <Da? 

(o?'^ — 5a? — c)**""* ar* .— 5a? — c ^a?' 

where <]>a7 is a rational integral function of x. 

93. Tb shew that a real quantity ^ C, independent of a?, 
mat/ he found such that 

<l>x C 

(x^ay^x "" (a? - ay "^ ^"^ ^^-^ 

where <^a? and V^a? are rational integral functions of a?, x^ ft 
rational fraction, n a positive integer, <l>a not zero, and "^a 
not zero. 

<f)x — Ci/^a? 



(aj — a)* V^a? 



= X^ .'. (2.) 



Let C = -~- (which is finite by hypothesis). 

Then (bx ; — yitx, the numerator of the fraction on the 

ya 

first side of (2), is zero when a? — a is zero ; and, therefore, 

is divisible by a? — a, once at least. 

Then (2) becomes 

<^,a? 



From this equation and (1), 



= X^. 



*^ - ^ 4_ *if v^>^ 



(a? — a)»V^a? (a? — a)" Qx — oY^^^Vi 



^ S^ 
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94. If the last fraction in (/3) be in its lowest tenns with 
respect ix> a — a, the namerator does not contain a — a, and 
^1 a is not zero. We, therefore, proceed as before, and put 

(a — a)"-* ita {a — a)—* "*"(« — a)"-« it m ' 
and so on. Therefore, ultimately, 

(a? - ay^x "■ (« — a)* "^ (« — a)"""* "*" "*" ^x^ 

95. In the formulsB marked (a) and (/?) in the last article 
and the preceding, respectively, the numerators ^x^ ^,«, (p^x^ 
&c., have been supposed not to contain the simple or quadratic 
factor expressed in the denominators. If, however, either of 
these numerators happen to contain any number of times 
a factor of its denominator, reduce the rational fraction by 
division by the factor that number of times, and proceed to 
reduce the resulting fraction into its partial fractions. 

96. If the qtiuntities U„ Ug ... represent qtuidraticy and Vj, 
Vg... simple factors y we have, by the last two articles, con- 
tinually reducing the rational fractions into partial fractions, 

<I)X 



U «i Ua^ .- Vi'^i Vjj^a 



3 



+ &c. 

y mi y m, - 1 Vi 

-}- &c. 
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97. In resolving rational fractions into partial fractions, 
the greatest difficulty occurs in those cases in which there are 
quadratic denominators of the partial fractions, and their 
numerators are therefore linear in x Where, however, the 
partial fractions have only simple denominators, there are 
no (A)s and (B)s, and the numerators (C) are easily found 
by either of the following methods. 

(1.) Clear the equation of the last article of fractions, by 
multiplying by the denominator of the first side. As the 
denominator is supposed to contain no quadratic factors, it is 
equal to V,"*i. V^'^a ..*, and therefore is of 9Wi -f jWjg + ••• 
dimensions in a?. Therefore, when the equation is cleared 
of fractions by multiplication by this denominator, there are 
terms in the second side of the resulting equation of {m^ + m^ 
-f ...) — 1 dimensions in w. The new. equation contains, 
therefore, (nii + »22 + •••) diflFerent powers of a?, and (equating 
coefficients of those powers) there are therefore ?»» + jw^ + ... 
equations to find the ?w, -f JWg + ••• quantities (c). 



Example. — To resolve 



ax'-^ai' — x + l (^— if {a + 1) 
into partial fractions. Assume 

1 c c, a 



Clearing the equation of fractions 

1==C (*'—!) -fCiCa? + 1) + C2(«^— 2a? + 1) ... (a.) 

Equating coefficients of a?^ = C + Cg 

of SB, = C, — aCg 
of a^, 1 = - C + C, + Cg. 

Adding these equations, we have 1 =2Ci, .•. Cj = |. 
Substituting this in the second of these equations, we have 
Cg = |, and therefore, from the first equation, c = — J. 

- / — — = loff (x — I') -V -A'^^V^ft V^- 
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(d.) The numerators of the simple partial fractions may 
be found by another method, which is frequently more con- 
venient than that of equating coefficients. In the equation 
cleared of fractions, give x successively the values which make 
each of the (V)s zero. Then, in each case, all the (C)s 
disappear but one, which is therefore determined. 

For instance, in the equation (a), in the last example, put 
a; = 1. Then (a) becomes 1 = C, . 2 or ^ = Cj. ' 

Put a? = — 1. Then (a) becomes 

1 ssCjj.d, orC2=i. 

98. By this method of substitution, it is clear that as 
many coefficients (G) are determined as different simple 
factors of the denominator of the fraction to be resolved into 
partial fractions are made zero. But when this denominator 
contains higher powers than the first of any of its factors, 
there are more (C)s to be determined than there are different 
factors. For instance, in the example just considered only 
two different factors x — 1 and a? + 1 can be made zero, and 
therefore only two out of the three (C)s can be thus found. 

To determine the remaining (C)s, differentiate each side of 
the equation equivalent to (a) in the last example; for since 
that equation holds for all values of x, the differential coeffi- 
cients of the two sides of the equation are equal. 

In the new equation obtained by differentiation, put the 
factors = successively, and so obtain more values of (C)s. 
Then, if necessary, differentiate again, and equate factors to 
zero, and so on continually, till all the (G)s are found. 

For instance, in the last example, differentiate (a), then 

=C .2« + C, -HCg^.Co^— 1). 
Putii?=l. Then 

= C . 2 -hC,, .-. since C^ = |, C= — ^. 

99. We will take, as another instance, a fraction to be 
resolved of which the denominator contains the third power 
of a factor, and which therefore requires two successive 
differentiations. 

2flr*-hl _ C Ci . Cjj ^ c 

+ TZ ^ + TZ S\5 + 
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Clearing this equation of fractions, 

2a?"- + 1 = C (4? - 2)« {x + Sy + C^lw -- 2) (a; 4- 3)» 

+ C^{x+ 3f + c(a?- 2)« (a: + 3) + c,{af^2y (a.) 

Putting « = 2, 9 = Oa . 25, /. C^ = ^ 



d?=^3, 19 = c,(-6)», ACi = -ir. 



19 
5 



Now differentiate (a), 
4;i? = C {2(a; — 2) (a + 3)^ + 2 (a? - 2)« (« + 8)} 
+ C, {(0? + Sy + 2 («? - 2) (a? + 3)} + Cg 2 (a; + 8) 

+ c {3 (« - 2)^ (^ + 3) + (a? - 2)^} + c, 8(a? -. 2)» ... (6.) 

22 Q 

Putting a^ = 2, 8 = Cj 25 + Og . 10, /. C, = -— , since C^ == ~ 

fl;=x«3, _ 18 =- c( - 5)' + c, 8(5)« == c(-5)«— ^ 

P 

19 1 /67 ,^\ 8 

sincec, =-^^, ...c=:--3(^y-12j=gv- 

Differentiate (6), retaining only term which do not vanish 
when a? = 2; then 

4 = C 2 . (« -h 8)' + Ci {2 (« + 3) + 2 (« + 3} + C, . 2, 
a? heing supposed = 2. Consequently, 

4 = 0.2.5^ + C,2.(5 + 6) + 2C2, .•.C=-^ 

2a?^ + 1 3 22 9 

+ rT7- — ;^ + 



(a? - 2y* (a? + 3f 5^(a; — 2) ' 6'^ (a? — 2f ' 25 (a; -- 2)* 

3 19 

"^ 5^(« + 3) 5^(af+3f 

as may be verified. 

100. Where the denonainator of the fraction to be resolved 
contains quadratic factors (and e^^ecivaSX:^ ^^«t^ ^"^^ ^s^^sia. 
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factor is trinomial (= aj^— ft « — c), the difficulty of resolving 
the proposed fraction is considerably increased. The student 
will probably be inclined to think that considerable labour is 
saved by the following method, if he will compare the amount 
of work which it requires for a difficult example with the 
amount required for the same example by other methods 
which have been proposed. 

Assume the proposed fraction to equal a series of partial 
fractions, as in Art. 94. Clear this equation of fractions, and 
so obtain an equation corresponding to (a) in the last examples. 
In this equation make each quadratic factor a^ — ft^r — c = 
(i.«., substitute hx -\- c for 3^\ Then the equation may 
be reduced to the linear form «;» -f /5 = (Art. 89), and 
a = 0, /S = (Art. 90). From these two equations the A 
and B corresponding to the factor a^ ^hx — c may be found. 

This method will give as many different (A)s and (B)s 
as there are different quadratic . factors, successively made 
zero. 

If there be more (A)s and (B)s («.6., if any quadratic factor 
appear in (a) of higher power than the first), differentiate (a), 
and in this derived equation make all the quadratic factors 
zero successively, then, if necessary, differentiate again, and 
in the second derived equation make the factors eigain zero, 
and so on continually, till all the (A)s and (B)s are found. 
The (C)s, if any, corresponding to simple factors, may be de- 
termined from (a), and the derived equations by the method 
already explained. 

Let us take, first, an instance of the simplest case, that of 
quadratic factor, which wants its second term, and is therefore 
binomial. 

s^ dx 
101. To integrate 



(;»— l)2(a;2 + l)' 
n^ A« + B C C, 

.-. x" = [Kx + B) (a? - 1)2 + c (ar* + 1) (a; - 1) 
^Ci(a;«+1)... (a.) 

Fvrsty to determine the (C)s by the method of Art. 96, let 
« = 1, .-. 1 == Cj . a, or Cj = J. 
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Differentiating (a), and for brevity retaining only terms 
which do not vanish when a =zl, yre have then 

3ar* = C(a?2 + 1) + C^^on, 
where a? = 1. Consequently 3 = C . Ji + C^ . 2, or 

Secondly, to find A and B by the method of the last article. 
Make the quadratic factor zero in (a); ». e. put — 1 for a?* 
continually; (a) becomes (expanding (a? — 1)^ and putting 

— « = [Ax + B) (— 1 — 2a? + 1) 

= 2 A — 2Ba? (putting — 2 Aa;* = 2 A), 
.-. =2A — (2B — 1)«, 

which is of the linear form required by Art. 89. By Art. 90 
the coefficient of a in this equation, and the quantity inde- 
pendent of X are each zero ; /. A = ; 2 B — 1 = 0, or 

B = i. Hence, 



ar* 



(x - 1)^ (a:^ + 1) 
1 1 1 

+ 7 +77 



''X 



2 a?^ + 1 « — 1 2 (a? — 1)« 
s^ dx 1 , ^ ^ ,\ 1 1- 

1)^ (:»' + 1) = a *^^ + log(^-i)- ^ ^^ ■ 

Next take a case in which all the operations for resolving 
partial fractions are required, and the quadratic fiEiotor is tri- 
nomial, and raised to a higher power than the first. 

x^ + 3a? — 2 

102. To integrate -—z -.^-t tto • Assume the 

^ (a?^ — a? + 1)2 (a?— 1)2 

f.opfinn Aa? + B * jM±Bi . C Ci 

fraction = -5 -—- -f ^-^ --tno H r + 7 7T5 

ar^ — ar-fl (a;* — a^+l)^ a? ~ 1 (a?— 1)^ 

a;'- ^- 3a. _ 2 = (Aa? + B) (a?^ — a? + 1) (a; — 1)* 
+ (A^a? + Bi) (a? - 1)2 + C (a?2 - a? + 1)^ {» - 1) 
-hCi(a?2 — a?-h l)*.-(a,^ 
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First, to detennine the (C)8, Art. 98. Put xszl, ,*. dssC^ 
Differentiate, retaining only terms Vfhich, do not vanish 
when a; = 1, 

2a?H-3 = C(4^-jr + l)^-hCiJi.(2i»-l)(«^-«H-l), 
T?herea? = l, /. 5 = C + 2Cp .*. C = l. 

Secondly f to find the (A)s and (B)s, Art. 100, put a?^ = a; — 1 
continually in (a); (a) becomes fa? — 1) + 3«— ft =(Ai « 4- Bj 
(«— 1 «. 2a; -h 1) = (Ai* + B^) (—») = — A^ (« — 1) — Bar^ 
or = 3 + Aj — a:(Ai + Bj 4- 4), whence Art. 90, 3-|-Ai = 0, 
or Aj = - 3. Also A^ + B^ -|- 4 = 0, .'. Bj = — 1. 

Now differentiate (a), retaining (for brevity) only terms 
which do not vanish when (x? — a? + 1 = 0, 

2a? + 3 = (Aa? + B)(2a? — l)(a; — 1)^ + a^ (a? — I)' 

(A^a? + Bi) 2 (a; - 1), 

when a;* = a; — 1. Making this substitution continually, 
to bring the equation to a linear form, we have, since 
(aj - xy = - a;, 

2a? + 3 = {2A (a? — 1) — Aa? + B (2a? — 1)} ( — a?) 

— 2Aia? + 2Ai(a?— 1) + Bi2(a?— 1) 

= (Aa?-|-2Ba?— 2A — B)(— aj)- Ajar + ^Bia? — 2Ai — 2Bi 

0=— 2a? — 3 -(A + 2B)(a? — 1) + (2A + B)a? 

— (Ai — 2Bi) a? — 2 Ai— 2Bi. 

This equation being of the required linear form, make 
the coefficient of x and the quantity independent of a? each 
= 0. Art. 90. 

= — 2 + A— B — Ai4-2Bi, .-. A — B=l, 
= — 34-A + 2B-. 2Ai— 2Bi, .-. A + 2B = - 6, 
B = — 2, A = — 1. 

Hence the proposed fraction is equal to 

a? + 2 " 3a? + 1 1 2 

a;8 — a?H-l (a?« — fl? + i)^"*"a?— 1 "*" («— If ' 
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J x'^x + \-'lJ%^'' V3 +3^^g^^ ^ + ^^' 
Art. 85. 






+ 1)=* 2(ar^ — a? + l) 2 3(ar^— a?+l) 
+ -.— ?=tatt-^ — -5-. Art, 85. 

7 vv5*= 1" Art. 44, 

/, a?^+ 3a?- 2 _ 7 — 6a? 2 

(a?^- a; + 1)^ (a? ^^ "* B (aJ«-.a?^^T) "*" a? - 1 

25 ^ ,2a?-.l , «— 1 

taii~^ 5— + log 



8V3 \/3 ' ©(x* — a?+ 1)» 
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SECTION IX. 

RATIONALIZATION. 

103. The last method of reducing fonctions of one variable 
to integrable forms which we have here to consider, is the 
method of Bationalization, which is a system of algebraical 
substitution, by which, for an irrational algebraical function, 
is found an equivalent which is rational, and therefore 
integrable by the preceding section. 

104. A rational Junction has a rational differential coeffi- 
cient. Every rational function of z may be reduced to the form 

a -h 6;2? + c^ + ... kz* 

a + b;2f + C2f' + ... Iz^ * 

and it is clear the differentiation of this quantity cannot 
introduce fractional indices of z. It follows, that if w be 

any rational function of ;:;,-=- is a rational function of 

dz 

;2r = R, ; suppose, .*. daf = B,^, dz, where R, is a rational 

function of z, 

105. A rational function of a rational function of x is a 
rational function of a. For if ^, f, both indicate rational 
functions, J'cc involves only integral powers of a, and <^ (/a?) 
involves only integral powers oi fx\ .*. <t>{fx) involves only 
integral powers of x^ or is a rational function. 

106. A universal method of rationalization cannot be given, 
as many irrational expressions are reduced to rational forms, 
by artifices peculiar to the cases in which they are applied. 
But the most general principle of rationalization may be 
stated as follows : — 

Suppose that the expression to be rationalized is a rational 
function of an irrational function (I«) of x, and of a rational 
function (R^r)? so that the expression to be rationalized is 
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where f indicates a rational function. Then assume, if 
possible, X equal to such a rational function of z^ that I« 
becomes equal to a rational function (R,) of z. Then also, 
by Art. 104, flfa? = R'^^^. Also, by Art. 106, », = »''„ 
another rational fnnction of z\ 

.-. /(!„ R,)rf^ =/(R« R'g -B^^dz. 

But f indicates a rational function. Hence, by the article 

last referred to, /(R,, Ii^\)Vi\dz is rational in z, or 

y(I,, R,)rfd? is reduced to a quantity which is rational, 

and therefore integrable by the methods of the preceding 

section. 

r- I dXt where R, is a 

a^x -^ b^J 

rational function of x and m, n positive or negative integers. 
This is a particular case of the last article. 

or :i; is a. rational function of z. Then by the last article, 

R, = R'';2r, dx^l^.,dz, I, =: { 2—^\ = y-, 

\a^x +6,/ 
and so the whole of the proposed expression is rationalized. 

108. To rationalize {afx-k-VY' (ax + bydx, where one of 
the three quantities 

ft, p, or /A + y is a positive or negative integer ... (2.) 

In the expression proposed to be rationalized in the 
last article, put R, = (a'a? -h y)*, where f is a positive or 
negative integer. 

Put a, = ^, ^1 = b\ Then the expression becomes 



m m 



(a'x -j-b') " (ax + by dx, 
which may be written 

(^a'x + by (a« 4- hydx. 
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where ft + v (=« ^ ^ integer, or (2) is satiBfied; and by (1), 

uw + b 



a' 9 + V 



= ^ (8) 



Next, let R, = {a!x + f)*, and in I, let ai = 0, J, = 1. 
Then the expression rationalized beoomes 

(«'« + hj {az + ^) • ix, 

which, again, is of the form 

{a!x 4- VY {ax + 5)' Jo?, ' 

where one of the quantities m or y is an integer, and the 
condition (2) is satisfied. In this case (1) in the last article 
becomes 

«* — 5 

a ^ ' 

109. To ratiomlize x^{aal' + ^)" dx. 

1 1 L-i i 

Put x« = «, /. - .x« «?x =as rfflj, if ssa xt and the 

expression proposed to be rationalized becomes 

1 ^+i-i ^ 

tx^ « (ax^bydx. 

This can be rationalized by the last article, whenever 

— H 1 is an integer, and, therefore, an integer; 

9 9 9 

or — +-, — 1-f— an integer, and, therefore, ^ 1 — 

g q] n ^ q n 

an integer. 
The First Criterion of rationalization of 

m 

x^ {aafl '\- by dx, 

2? 4- 1 
is, that ^ be a positive or negative integer, when 

9 
(since ii^ = x) we have to assume asfi -h ft s= ;a?" by (4). 
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The Second Criterion of rationalization is, that — f- - 

q n 

be a positive or negative integer, \vhen we have to assume 

110. The method of Art. 106 may be extended to several 

irrational functions 1^*^ I^^\ I^^^ ... if it be possible to assume 
X such a rational function of z, that these irrational functions 
of X become equivalent to rational functions of sf. 
For instance, if the irrational function of x be 



where m, », &c.» are integers. 



Put 



a -{-bx 






^;v is rational in z\ and so the whole expression may be 
rationalized. 
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SECTION X. 
nrrEaRATiON of fungtioms of several vabiables. 

111. We have hitherto considered the integration of func- 
tions of only one independent variable. The magnitade of a 
quantity may, however, depend upon the magnitudes of several 
other quantities, each of which is susceptible of independent 
and separate variation. 

For instance, the cubic content of a right cylinder de- 
pends on two independent magnitudes, the altitude and the 
area of the base. Each of these magnitudes may be con- 
sidered to vary independently of the other, for we may 
conceive the existence of any number whatever of cylinders 
with equal bases but different altitudes, and of any number 
of cylinders of equal altitudes but different bases. 

Again, the content of a rectangular parallelopiped is a func- 
tion of three independent variables the lengths of three of its 
edges. The content of an oblique parallelopiped is a function 
of five independent variables, namely, the lengths of three of 
its edges, and the inclinations of two of them to the third. 
The weight of a solid is a function of two independent 
variables, its volume and specific gravity. The time of 
vibration of a perfect pendulum vibrating in vacuo is a 
function of three independent variables — its length, the force 
of gravity, and the extent of the oscillation. 

112. Definition. The Quadrature of a finite continuous 
function of several independent variables having a limited 
range of values, is the sum of a series of different values of 
the function, each multiplied by the differences between the 
corresponding values of all the variables and their next pre- 
ceding or succeeding values. 

113. The Multiple Integral of such a function is the limit 
which its quadrature has when the differences of the inde- 
pendent variable approach zero, and their number infinity. 

S These definitions are extensions of those of Articles 16 
.17.] 
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114. Let/(;2?, y, a?, «0 ...) be a finite continuous functioiL of 
any number (N) of independent variables. Suppose n^ values 
given to z, n^ values to y, n^ values to «, &c. Then the 
total number of different values of the function will be the 
total number of different combinations of w^ -f »« + »3 + ••• 
different things taken N together. 

Let Z, z, Y, y, X, X ... be the superior and inferior limits 
of the several variables. If £ be understood to be the 
abbreviation of the words ** sum of terms of the form of," 
the quadrature of 

where bz,hy,bx,bw ,., indicate differences between succes- 
sive values of the variables. Also, 

limit of £/(^, y, a?, w .,,)bz ,by.bso.hw ... 

(when bz, dy, bx, bw ... approach the limit zero), is equal to 
the multiple integral of /(4?, y, x,w,,,) between the limits 
Z, z, Y, y, X, X ... This multiple integral is written 

III »**J(Zyf^t XyW .**)dzdydxdw ,.. 

the sign J* being repeated as many times as there are in- 
dependent variables. 

115. Multiple integrals found by sticcessive integrations. 

Let z^, z^, J^^^ ... ^i* ^2* ^s ••• ^^•» ^® successive inter- 
mediate values of the variables between their limits. Also, 
let bz^j bz^t bz.^ ,,. by I, by^i by^ ... &c., denote the successive 
differences of the values of the variables. The integral is 
the limit of the sum of terms of the form 

First. The sum of the terms in which z alone has dif- 
ferent values, while the other variables have their first 
values, is 

of which the limit (since here z alone varies) is equal to 
limit of by^ bxi ... / f{z, yp x^^ ,..)dz. 
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This integral being taken between limits, inyolTes only 
those limits, whioh may be functions of x^y^ ... or any other 
quantities whatever. But the variable intermediate values 
of X disappear (Art. 26) from the integral, which, therefore, 
takes the form f^ (y^, x^^ t0^ ...), jtr being omitted. 

Secondly, Add all the terms in which z alone varies, y 
having its second value, x, w ... as before their first values. 
The limits of the sum of these is 

limit of dyg • ^^i ••• / /(^» ^g* ^i» *^i •••) ^^ 

= limit of 5^2 • ^-^1 ••• /i (y^* ^v ^1 •••)• 

Similarly for the terms is y^, ^4, &c. The sum of all 
these is 

of which the limit is (by reasoning with respect to y similar 
to the preceding with respect to z) the 

limit of Sa?i,5aJi M. / /i («i» M^i •••)^y 

= limit of d^i bw^ ...^3(0^^ Wi ...)> 

y being omitted from f^. 

Continuing the process, a?, w ... successively disappear 
by successive definite integrations; and the find result, or 
required multiple integral, is the result of as many succes- 
sive integrations as there are independent variables. 

Hence, where there are only two independent variables, 
if r be the last of the independent variables, this result is 
of the form 

r fy(^r=!F(B) — F(r). 
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where there are three independent vaiiahles, 
Z y^Y />X 



f f r. f{^>y,iio)dzdydx 



And, generally, a multiple integral is formed by inte- 
grating the proposed function with respect to one variable, 
as if the others were constant; substituting the limits of that 
variable; integrating the result with respect to another vari- 
able , as if the rest were constant; substituting the limits, 
and so on, till as many integrations have been performed as 
there are independent variables, 

116. Order of integration indifferent* The sum of any 
number of quantities does not depend on the order in which 
they are added. Hence in the summation of the quadrature, 
the terms involving different values of any variable may 
he first collected, and the limit of their sum involv^ an 
integral with respect to that variable. Therefore, the vari- 
able with respect to which the first integration is performed, 
is indifferent. Similar reasoning applies to the other in- 
tegrations. 



COROLLABT. / ^V \ I S{^yy)dz\ 



=/'''^(///(^'^)''^> 



117. The cuhature of solids affords a very complete iUustra- 
tion of the foregoing principles. 

Let aOz, xOy, yOz be three planes perpendicular to 
each other; and let A BCD aft cJ, be a solid bounded by 
the curved surface A BCD, by a rectangle ac in the plane 
xOz, by two planes Aft, Dc parallel to the plane yOz, 
and two planes A J, Be parallel to the plane xOz. 

Consider now the base ac of the solid divided into any 
number of rectangles, represented by dotted lines in the 
figure, and on these rectangles, as bases, let rectangular 
parallelepipeds be described, of which the sides cut the upper 
surface ABC D in the curves shewn in the dia^r«.\xv« 
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It X, y, K he co-ordinatea of any point (P) in the curved 
surface referred to rectangular ases Oj, O^, 0», the relation 
between jr, y, z may be eipresBed by an equation 

in which x is Bnppoeed to be finite and continuoDS ; 
and 713 = X, Og = y, P/> 5= s. 




Let Pji be the altitude of one of the elementaty parallslo- 
pipeds, ix and ly the length and breadth respectively of its 
base. Then the solid content of the parallelapiped is the 
product of these quantities, or zSaJy =/(a;, y) Jar. Jy. 



Let d 



yo.yi-ya v« 

be corresponding successive values of the co-ordinates, and 
Ix, Jy, the common differences of the successive values of 
X and y respectively. Then it may be seen that the solid 
Ac contains parallelopipeds, of which (reckoning them in 
rows parallel Xa aV) the solid contents are 
/(*,.y,)Ja!3y,/(a:i,y,)Jir3y./(a:„y3)J*Jy.../(«i,y.)Jj:Jy, 



/(«-,yi)J»ip,/C<>'-,y,)*«iy,/(*-,y.)J*ip.../(«„,y,)*«Jy- 
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Also, as will be proved hereafter, the more the number 
of these parallelepipeds is increased, and their length and 
breadth diminished, the more nearly is their sum equal to 
the content of the solid AC. If the limits of the sums 
of the contents just written be taken in rows across the 
page, the result is 



"T~ • • • 



limit {hxj V(^i» y) ^y + ^^ J f(j^2^ y) ^y 

+ a« I ^y {SB^, y) dy} 

If, however, the parallelepipeds had been reckoned in rows 
parallel to the longest side of the page, that is, parallel to 
a 5 in the diagram, the limit of the summation would be 



fvl^iffy^"'^^'"]^^- 



And since both results represent the same solid content, 
they are equal. 
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SECTION XI. 



QUADRATURE OF CURVES. 

118. The Integral Calculus is applied to tJie recti/ieation, or 
determination of the lengths of curves ; to the quadrature, or 
determination of area^ of curves; the complanation of sur- 
faces, or determination of their superficies ; and the cuJbaiure 
of solids, or determination of their volumes or contents, 

119. The methods of determining Quadratures and Cu- 
hatures are readily demonstrated hy principles already laid 
down. Eectification and Complanation depend on geometrical 
theorems, hereafter given. 

It has heen shown, Art. 19, that if x and y be the rect- 

. angular co-ordinates of any point of a plane curve, X, Y, 

and X, y the co-ordinates of its extremities, the area included 

by it, and straight lines from its extremities parallel to the 

axes of X and y respectively, is given by the formulsB 



/ 



X 



xdy, or 



•f. 



ydx. 



where it is supposed that 
X and y are always positive 
and finite, and to neither 
is assigned more than one 
value corresponding to any 
value of the other, between 
the limits X, Y, x, y. 

120. Quadrature of the 
Circle. Let r be the radius 
of the circle; x, y, its co- 
ordinates at any point re- 
ferred to the centre as ori- 
gin of co-ordinates; then x 
and y are connected by the 
equation. 
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or, y = (/^ — ar)K 
I ydx = / (r^ — x'')^dx 

Now /*(r» - a?2) rfa? = (r^ - x^x 



The last integral on the second side of this equation is 
identical with the integral on the first side. Therefore, 
transposing and integrating the remaining integral by Art. 56, 

If Oc = X, and 05 = x, we have to take this result 
between limits X and x, to find the area Ahc; 

/. A5o = 4X(r« — X2)*-.ix(r^-x2)* 

+ i r^ sin~» — — I i r* sin""^ — . 
• *• * «• 

If it were required to find the area of a quadrant, B, 
C would be supposed to meet Oy, Oar, respectively, and there- 
fore X = r, X = 0. Therefore, since sin""^ (or the angle 

of which the sine is 0) = 0, and sin""^ ^ = ir* 

quadrant = y ^• 
Therefore, area of whole circle srs rr®. 

121. Area of Ellipse. The equation to the ellipse referred 
to the migor axis, and a line at right angles to it at its 
extremity as axes of co-ordinates, is 
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y = — (2aa? — a?')* 
a 

where a is the semi-axis major, and b the semi-axis minor. 




/ yda = / — (2o« — a^dw 



= ^a5cos 



a — a? 5 (a — a?) 



a 



2a 



(2aiP-a?«)» ... (1.) 



When a? = the preceding expression vanishes. It may, 
therefore, be supposed to be taken between the limits 
and a ; consequently, if OB = a;, the expression is the value 
of the area PBO. 

When a = 5 the ellipse becomes a circle, and the ex- 
pression (1) for the area becomes 



I flrcos"^ — . (jiaa — a?*)* 



(S) 



Hence, if OP'M be a circle having the same centre C with 
the ellipse OPM, and OM, the diameter of the circle, be also 
the major axis of the ellipse, we have, comparing (1) and (2), 

area OP'B __ a 
area OPB "~ T' 

It appears also from (1), that the area OPB is proportional 
to b. Hence, if any number of concentric ellipses were 
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deacribed on' the same axis major, the areas of them having 
the same base, OB, would be ia the proportion of the 
Bfiveral minor axes. 




The 
by putting a 

Jaicos"^© = — ab. 

Hence the area of the ellipse =vab. 

133. Quadrature of curves referred to ohligue c 
The method of obtaining, in Art. 1 9, the qtiadrature of curres 
referred to rectangalar co-ordinates, consists in dividing the 
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area by rectangles, and taking the limit which their arb 
has when their breadth is indefinitely diminished and thflii 
number indefinitely increased. 

Similarly, if an area, ABCD, bounded by the curve BC, and 
three straight lines, of which BA is parallel to CD, be divided 
by parallelograms upon AD having sides parallel to CD, the 
limit of their sum is the area ABCD. Also, let the curve be 
referred to oblique axes of co-ordinates Oy, 0«?, inclined to 
each other at an angle a. If ^a and ^ be the lengths of tiro 
sides of one of the parallelograms, y since is its altitude, 
and ysina^^ is its area; whence it is easily seen, that the 

area ABCD =Jif ain ccdof, taken between proper limits. 

123. Quadrature of the Hyperbola. Let the hyperbola, of 
which A is the vertex, be referred to its asymptotes Oa, Oy, 




inclined to each other at an angle a, as axes. Draw AB 
parallel to O^, and let OB = e. The equation to the hyper- 
bola is 1/0! = e^. Om = x. 

Area ABPM = sin » / vda = sin » / -—div 

Ja J t sa 

= sin a e^ log — . 

e 

124. Quadrature of the Witch of Agnesi, In the last 
example, as x increases, the area increases indefinitely; and, 
therefore, the whole area between the curve and the asymptote 
is infinite. There are, however, curves in which the area 
between an infinite branch of the curve and its asymptote are 
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finite. The "witch," or "versiera" of 
DoDna Maria Agnesi, is an instance. 
Let AB be a diameter of a circle as a, 
AC a tangent, P any point in the curve, 
AM sss X ; AB, AC being the axes of a 
and y respectively. 

The curve is defined by the relation 
rectangle PA = rectangle DB. 

The equation to the curve will be 
found to be ay^ = a' (a — a). 



Now, 



o — «\* 













Arts. 44 and 66. 

This expression is to be taken between limits a; = a and 
d; = X, to give the area PBM. 

The area between AC, AH, and the curve, is the limit 
which the result thus obtained has when x has the limit 0. 
This evidently is found by taking the expression for the 
integral between limits ^ = a and ^ = ; 

.*. required area = {cos""* (— 1) — cos*"* 1} J ^^ '^^ i "'^** 

The whole area between the asymptote and the whole 
curve on both sides of AB, is double the preceding, or ssw'a*; 
and, consequently, is four times the area of the circle. 

125. Quadrature of the Cissoid of Diocles. This curve, in- 
vented by Diocles, a Greek mathematician, about the sixth 
century, and used for finding two mean proportionals, re- 
sembles the curve last considered in several respects. It 
affords another instance of a finite area included between an 
infinite curve and its asymptote. 

The cissoid may be defined by Ne^toti^^ xsi'sJOckjA. ^ N2s»®si% 
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it. The arms of a bent lever are at right angles to each 
other, and the end of one of them slides along a straight 
line, while the other is always in contact with a point of 
which the distance from the straight line is equal to the 
length of the first arm. The angle of the lever traces oat 
the cissoid. 




Let B he the fixed point. Then, if AP = BD, and the 
end A of the lever move along a straight line, while PC 
remains in contact with B, the cissoid is the locus of P. 



Let AC = a, AB = x, PB =y. The 
equation to the cissoid will be found to be 



y* (d '— a;) = ar^. 

(integrating by parts). 

Also, (a — s^a^das = {ax — :^dx 
^{{\ay^{x^\afYdx, 

which is of a form which has been already 
integrated (Art. 83) ; 
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+ 3 (I a? - I a) (fl^ — :^f + f a« vers-^/ 



1 



a 



For the whole area between AC, CH, and the curve, it 
appears by the same considerations as in the last article, tiiat 
this integral is to be taken between the limits ^ = a and 
a; = 0, when 

fydx = f a* {vers""^ % — vers"^ 0} = f a'ir. 

The whole area included by both branches of the curve 
and the asymptote is double this, or f ito? = three times the 
area of the circle of which AG is the diameter. 

126. 'Polar co-ordinates. Let the position of any point in 
a plane curve be referred to polar co-ordinates, namely, the 
length (r) of the straight line 
drawn from the point in the 
curve to the pole, an assigned 
point in the plane of the curve; 
and the inclination (&) of that 
line, to some ^ced^line in the 
same plane passing through the 
pole. Let S be the origin or 
pole, P the point in the curve, 
SP = r, which is called the 

radius vector, and S^ the assigned fixed line from which the 
angle PSa;=d is measured. If P be also referred to rect- 
angular co-ordinates of which Sx and Sy perpendicular to 
Sx are axes, it is easily seen by trigonometry that 

r sin d = y, r cos = ^. 

Suppose now that it is desired to determine the sectorial 
area included between the radii vectores at two points in a 
curve and the arc between them. When a curve is referred 

to rectangular co-ordinates x and y, the integralsy^^^^ or 

jxdy between limits determine the area included by a curve 
and straight lines parallel to the axes. The relation between 
such areas and a sectorial area is established by the following 
proposition. 
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127. Sectorial area in terms of rectangular co-ordinates. 
Let PQ in either of the accompanying figures be the curve, 
which is taken of such length that it is not met at two 
points by any one of its co-ordinates, and PSQ the required 
sectorial area. 



a.) 



(2.) 





Let SK = X, SH = X, QK = y, PH » Y. It is evident that 

X 



PQKH 



= / ^^^. 



Also, triangle QKS = ^yx, triangle PSH a= ^XY. Also, 
Fig. (1), PQS + QSK + QKHP make up ihe whole PSH; 

.-. PQS = i(XY — xy)- / $/da. 

Fig. (2), PQS 4- PSH makes up the whole figure, as does 
also QKHP + QSK. Therefore, 

- PQS «■ i (X Y - xy) ^f yda. 

Hence in both oases, PQS, the sectorial area, is, by Art. 84, 
eqiualto 



±\{fj'yd--f^^-<^i>) 
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128. StOorial area expresud bg polar co-ordinates. In the 
last article the Bectorkl area was found to be equal to 
^ {J^»dy — Jydx) between proper limitB. 
Putting x = rcoad, rf = rmad, 

dx = dr cob6 — r sin Sd6, 

dy ^dreinS + rtaa 6d6 ; 

.', ady — ydx ^r'dB; 

.-. sectorial area = ^jr'dS, 

where the limits of fl are the angles between the prime radiua 

vector and the radii vectores which bound the required area. 

139. The tame result may be deduced directly from geO' 
metrical eongid^ations. Divide the sectorial area by radii 
vectores r^, r^, r^ ... between the extreme radii yectores R, r, 
with S as centre, and at distances R, r^, r, ... describe circular 




area reprMented in the figure ly dotted lines. The sectorial 
area is less than ths sum of the sectors of which the arcs are 
without it, and less than the Bum of the sectors of which the 
ares are within It. The area of a ciroular sector, of which 
the radius is r and the angle 39, is i^r'SS. Therefore, th« 
required sectorial area is 

less than ^(R'ifl, + r'JB^ + r'^U^ + ...) (1.) 
greater than J (r»,Jfli + t*,J9" + t^Ji^ + ...) Q* ■^ 




M 
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where ^Op ^Og ••• ^^® ^^® angles between the radii. Now, 
r is a finite continuous function of 9. Therefore, by Art. 20, 
the above expressions (1 ) and (2) have the same limit, and as 
the sectorial area is between them, it is equal to that limit, or 

sectorial area = I / r^dQ= I j rdrd^y where 0, 

6 are the inclinations of R, r respectively to the prime radius. 

130. Quadrature of the 
spiral f r=iasinn^y where n 
is an integer. This curve has 
2w similar loops, and, there- 
fore, the whole area contained 
by it is equal to 2n times the 
area of one loop. 

iff^d^ = 1 a^/sin^ n d^. 
Integrating by parts, 

/sinwO. sinfi^d^ = cosnBsmn^ + /cos^wOrfO 

= coswfisin»6+ /(I— sin*n0)rfO. 

Therefore, transposing and dividing by 2, we have 
/sin^ n^dQ = J f — - cos w9 sinnO j» 

.'. I rf^d&=z\a''( — -coswasinweV 

From the equation to the curve, it is evident that a is the 
greatest value which r can have, and that then it is drawn 
bisecting one of the loops. Since r = a when nfi = Jir, 
and r = when = 0, the half loop lies between the two 
positions of the radius vector corresponding to those values 
of 0. Therefore, taking the preceding expression for the 

area between limits -r— and of 0, 

ar 

area of half loop = \a^ . r-. 
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ltd 
The whole area is 4?j times this, or = -^r— , which is half 

the area of the circle circumscribing the curve. The result 
is remarkable, as it is the same whatever the number of 
loops of the curve. 

131. Of curves, such that one co-ordinate has more than one 
value for one value of the other co-ordinate, the quadratures 
are found by dividing the curve into sevepl parts, each 
of which is of such length that it is not met at two points by 
any one of its co-ordinates, and determining by the preceding 
methods the quadrature corresponding to each such part. 
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For instance, in the accompanying figure the ordinates 
parallel to Oy have three values for each value of a between 
Oc and Ob, where Cc, Bb, are ordinates touching the curve 
at C and B respectively. But the areas AabB, CcbB, CcdD, 
may each be foimd by the preceding methods. Also, the 
required area 

ABCDda = AabB + bBDd, and bBDd = cCDd — cCBb; 

,\ required area =2 AabB + CcdV — cCB^. 

It may easily be seen that the generalization of this rule 
is, to divide the area into as many parts as the curve has 
parts, alternately receding from and approaching the axis 
of y ; to find each of these parts by integrating i^daf between 
corresponding limits; and to take the d&eiQuce^ Vi^^v^^^s^^^gl '^'^ 
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fum of the areas under receding parts of the carve, and the 
sum of the remaining areas. 

ISd. Area m Unm of ihs length of the curve. The 
parts ct the conre which recede from Ojr are those for 
which w increases as the length of the curve measured 
from its extremitj nearest to Oy increases; and where, 

ooosequsittlj, if e denote the length of the curve, ^ is 
pesitiTe. In the other parts of the curve -t- is negative. 

^*»*' fyda> =-fy^d, (Art. 88). 

If, then, $1, '2* ••• ^nt ^ the respective lengths of the curve 

Hgn 

from its commencement up to the points where -j- changes 
*'^» nh dx , pi^ dx ^ , 

are- the component parts of the required area. But the 
alternate parts are to be subtracted from the sum of the 
rest. The result will be the algebraical sum of all the parts, 

since -r- is alternately positive and negative. 

Therefore, the required area (S being the whole length 
of the curve) 

/»S da , /»S dx _ 

dx 

if y -T- be a continuous finite function of s, Bj the nature 
as 

of the quantities y can only have one value for each value 

da 
of s ; and, if the curvature be continuous, -r- has only one 

value for each value oi s; so that the result of integrating 

dx 
y-T-dt is necessarily definite. 

2^3. N0paHve ordinate. In investigating areas Of dill*^^. 
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it has been assumed that the co-ordinates are positiye. When 
one of the co-ordinates is negative, the processes described 
in the preceding articles will require modification. 

By the principles of analytical geometry the symbols + 
and — prefixed to symbols of length, are interpreted to 
indicate contrary directions of measurement ; so that if from 
any point in a line curved or straight a length measured 
off along the line towards one of its extremities be reckoned 
positive, a length measured from any point in the line along 
it towards its other extremity is affected by the negative sign. 
But no such convention applies to areas which are considered 
essentially positive. 

If the curve be referred to rectangular co-ordinates, and y 
do not change sign between the limits, and x be positive 

or negative, Jydx is of the same sign as y, if the limits 
be taken in the same order as was prescribed (Art. 19) 
for positive co-ordinates ; that is, if « increase positively in 
passing from its value which is the inferior limit to its value 
which is the superior limit. This is shewn as follows : — 

Sydx is the limit of the sum of terms of the form ylx^ 
where Ix^ the increment of m^ is positive, since x increases 
positively in passing from the inferior to the superior 

limit; consequently, y^a has the same sign as y, eaidj^ydx 
has the same sign. 
It follows, that for all areas on the negative side of the 

axis of a, Jydx is negatiye and Xydw is positive for all 
areas on the positive side of the axis of «. 

In order, wen, to determine the whole area bounded by a 
curve, of which part is on the positive and part on the 
negative side of die axis of the independent variable, the 
two parts must be determined by separate integrations, and 
the negative part must be added positiyely to the positive 
part. 

134. Negative polar co-ordinates. In determining the sec- 
torial area of curves referred to polar co-ordinates, Jt^d^ is 
to be taken between limits such that increases positively in 
passing from its value at the inferior to its value at the 
superior limit. Hence it appears, by similar reasoning to 
that used in the last article, that, whether d be positive or 

negative, y^r^iid is positive. 



SECTION xn. 

ODBATUBB OF SOLIDS. 

135. Let a solid, ABCciia6, be bounded by a curved surface 
abed and by five bounding planes, viz.: — bj a rectangle, of 
irhich AB, BC are two sides, and by four planes dA, aB, 




Be, Cd, perpendicular to the plane of the rectangle, passing 
through its sides and meeting the curved sur&ce in four 
plane curves ab, be, ed, da. 

Let the curved surface be referred to rectangular co- 
ordinates (x, y, z) of which the axes are parallel to BA, B6, 
BC Tespectively, and let the sui&oe be such that each 
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co-ordinate has but one value for each value of the other 
co-ordinates. 

Draw mthin the solid planes, parallel to the bounding 
planes and cutting off within the solid, a number of rect- 
angular parallelepipeds, of which, since they are within the 
soUd, the total content is less than the volume V of the solid. 

Add, now, a set of rectangular parallelopipeds (not shewn 
in the figure), within which the curved surface wholly lies, 
and which are formed by the above-mentioned parallelopipeds 
produced. It is clear, that as these additional parallelopipeds 
are increased in number and diminished in magnitude, their 
sides approach continually closer to the curved surface ; and 
that, consequently, their volume (v) may be diminished with- 
out limit. 

V is greater than the solid content of the first set of 
parallelopipeds, and less than that solid content + v. 

Therefore, V lies between two quantities, of which the 
difference may be diminished indefinitely. A fortiori, the 
difference between either of them and V may be diminished 
indefinitely. 

Let the lengths of edges of one of the parallelopipeds be 
^x, ^y\ z its altitude; zlxly its volume. Let i:z^xly 
denote the sum of the volumes of the parallelopipeds within 
the solid V, 

V = limit oi i:z^x^t^ 
^ffzdxdy{Kxt, 115) 

=fffdxdydz, 

the integral being taken between limits which depend on 
the boundaries of the solid. 

In the figure, for the sake of simplicity, the internal 
planes are supposed to be equidistant. 

136. The limits of integration for the cuhature of a solid 
may be investigated by the following method of exhibiting the 
result just obtained. Let MM' NN' be an element of the 
curved surface, QQ'RR' its prcgection on the plane of xy. 
Let QQjL = ^x, QR = ^y. In the limit the solid M'R is 
a prism, of which the altitude is z and the area of the 
dxdy; 

.-, dV =: zdxdy. 
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Suppose tie equation to the curved rarfoce gives a =/{», y). 
Then 

In this expressioi] take first (Art. 119) ^ constant, and 
integrate /(«, j')ii;r(ij' vtith respect to x. The result is 
the limit of the aum of the prisms, of which the bases are 
between the parallel lines ^Q', rB'. Let x=.X and jt: = x 
he co-ordinates of the extremities of their lengths in the 
Bohd; 



■*r 



' zdx 



is the analytical expression of the content of the row of 
prisms just defined. 

In order to find V, we have to add together this and the 
parallel rows of prisms, and to take the limit of their sum. 
If Y, y be co-ordinates of the bonndii^ planra parallel 



'-r/^'' 



dxiy. 



137. Solid bounded laterally by a curved sarface. We have 
in the precediag articles taken the most simple case of 
cabature, that in which the solid is bonnded laterally by four 



OUBATUBE OF SOLIDS. 



87 



planes. The limits of x and y are then the same for erery 
point of the solid, and independent of each other. In this 
case the integrations are comparatiTelj easily effected. If, 
however, the solid be bounded laterally by curved surfaces, 
the extreme values of x and y are no longer independent, but 
are connected by the equations to these curved surfaces. 

Let X, X be constant quantities ; Y, y two functions of the 
variable ^ ; Z, z two functions of the two variables x and y» 
Then it may be shewn that if the volume included between 
the six surfaces, of which the equations are respectively 

a? = X, « = X, y = Y, y = y, Z'=^Zy z^z, 

be designated by V, 

V= / / / dxdydz, 
c/ X J y J z 



From the equations to 
the six surfaces it will 
be seen that V is the 
volume of a solid, De, 
bounded by two cylili- 
drical surfaces ECce 
and FDfl?/, of which 
the traces are A a and 
B h respectively ; by 
two parallel planes ed,^ 
ED, of which AB, ah 
are the intersections 
with xZy and by two 
curved surfaces CT>dc 
and E«/F. 



138. Hyperbolic paraboloid. The equation to the surface 
of the hyperbolic paraboloid ia xy=icz when c is a constant. 
The general expression for the volume becomes 

V =3 -ffxy dy dx. 

Let it be required to find the volume contained by this 
surface, the plane xy, and a cylinder of which the base is a 
circle of radius r, and the axis parallel to the ^aad& ^1 %. 
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Integrating first with respect to y between limits Y, y. 

Now the equation to the cylinder is (a?— a)^ + (y— 5)'=r*, 
which gives two values of y for each value of x. One of 
these values is the superior, and the other the inferior limit 
of the integration just performed ; or, 

.-. V = — /{r« - (a? - dfYxdx, 

The extreme values of x are evidently a + r and a — r. 
Taking the last integral between those limits, it will be 

found that V = • 



139. Solids of revolvr 
tion are those generated 
by the revolution of a 
plane figure; about a fixed 
axis. Let the revolution 
of a curve AB about an 
axis through A generate 
the surface of such a 
solid, and let the equa- 
tion to AB be y=fx, 
where a is measured 
from A along the axis 
of revolution. 

It is clear that the 
volume of the solid is the limit of the sum of a number of 
elementary cylinders having the same axis. Let ^x he the 
altitude of one of these cylinders, y the radius of its base; 
.-. vt/^ is the area of the base ; and that area multiplied by 
the altitude, or iry^lx, is the volume of the elementary 
cylinder. Therefore, the required volume is equal to 

the limit of J^i^t^lx) = vfy^dx. 
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140. Content of a cone. A cone is generated by the rota- 
tion of a triangle about one of its sides. Let y = aa; be the 
equation to the straight line generating the conical surface, 
where a is the tangent of the angle at which that straight 
line is inclined to the axis of revolution. The content of 

the cone =zir oc^J^a^ da =^ IT a^x^ (taking the integral be- 
tween limits and x) = J tjtx*, or the solid content of a 
cone is one-third the area of the base multiplied by the 
altitude = one-third of the content of the cylinder having 
the same base and altitude. 

141. Paraboloid of revolution. The surface generated by the 
revolution of a parabola about its axis, is called a paraboloid 
of revolution. To find the solid bounded by such a surface, 
and a plane perpendicular to the axis, we must put f/^z=zax, 
the equation to a parabola. 

The required volume =waj*xda = ^waar^. 

143. Solid of revolution through any angle. The quantity 

''^jy^dx-=z%itjjydydx. Also it is evident, that if the 
generating figure turn through an angle instead of Stt, the 
solid content generated is equal to 

^ffy ^y ^^' 

143. Limits of the preceding integrals. If the generating 
figure have not for one of its boundaries the axis of revolu- 
tion, but a curved line, of which the equation is y = <^a?, 
the limits of integration of ydy are /a? and <l>x. Similarly, 
if it be required to find the solid generated by the portion 
of such a figure of which the extreme co-ordinates are two 
particular values X and x of x, the integral with respect to 
a must be taken between those limits. 

144. Content of a solid of revolution in terms of its area. 
Let ^ be some constant quantity. Then if ^ were equal to the 

greatest value of the variable y^Jjydydx would obviously 

be greater than Xf 1/ dy dx. li y 'v^ere equal to the least 

value of the variable y, ffydydx would be less than 

fS ydydx. There is, therefore, some vabaA ^i. ^^ ^^"^^ 
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stant y between the greatest and least values of y^ for whicli 
ffydydXyOt 

yff^v ^^ = fy ^y ^^• 

(By Pappus's Theorems, y is shown to be the distance 
of the centre of gravity of the generating figure from the 
asds of revolution.) The integral on the first side of the 
preceding equation expresses the area of the generating 
figure. Therefore, from the last article, the content of the 
solid of revolution through an angle ^, is equal to 

y^y. area of generating figure, 

where v is a line less than the greatest and greater than the 
least distances of points in the generating figure from the axis 
of revolution. 

145. Cvibature of a solid of revolution by polar co-ordinates. 
Let PSA =6, PS=:r be the 

co-ordinates of any point P 
in a plane figure referred to 
the pole S. The area of an 
element PP' of the figure is 
(by Article 129) rd9dr. By 
the last article, the solid 
generated by the revolution 
of PP' about SM through an 
angle <^, is rdBdr x a dis- 
tance which is ultimately 
equal to the distance of P 
from SM, which is equal to 
rcosd. Therefore, by the 
last article, the elementary solid =>s^rcosd(2d(2r, and the 
content of a solid of revolution generated by a sectorial area 
revolving, about an axis fixed with respect to it, through an 
angle ^, is equal to 

(fi Xfr cos &dddr, 

146. Cubature by polar co-ordinates. Every solid may be 
generated by the rotation about a fixed axis of a generating 
figure of winch the form is variable. Suppose the angle of 
rotation to be <f>. Then any solid may be considered to be 
generated by the rotation of a figure bounded by a curve of 
which the equation is r «=/(^, 6). 
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When the generating figure has revolved through an 
angle <t> -{• ^<l>* the equation to this curve becomes 

The solid bounded by the two corresponding generating 
figures may be always so taken as to be within that generated 
by the rotation of one of them, and partly without that gene- 
rated by the rotation of the other, through an angle ^<^. 
Hence, ultimately, the required content is equal to that due to 
the rotation of either figure; and, therefore, by the last article, 

is equal to $<f>Jj r cos 6 d^ dr. Hence, the whole required 
solid content is equal to 

Xf/r cos ^d^drdcti. 

1 47. Cuhature by polar co-ordinates by direct investigation. 
Let an assigned point S be the 

pole; let SRQ be an assigned p 

plane, and SR an assigned straight 
June in that plane. The position 
of a point P may be deteimined 
by the length (r) of SP, the radius 
vector, 0, the angle at which SP 
is inclined to the plane, and <^, the 
angle at which the projection of 
SP on the plane is inclined to the 
assigned line SR. 

(This is evidently similar to 
a determination of the distance of 
a point above the earth by its 

distance (r) from the observer, its angular elevation above 
the horizon (0), and (<^) its " bearing" north or south.) 

In order to find the solid content bounded by a curved 
surface and planes meeting it and passing through the pole 
S, suppose that, by a number of planes passing through the 
pole, the solid is divided into a number of pyramids having 
adl their vertices in S. 

The required solid content is greater than the sum of 
the pyramids within it, and less than the sum of a cor- 
responding set of pyramids partially external to it; and 
as the difference between these two sums may be dimi- 
nished indefinitely, the limit of either of them is the required 
solid content. 
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Let P, P' be two 
adjacent points in 
the curved surface; 

PSp = fl, ^SR=<^, 

co-ordinates of P; 

co-ordinates of P'. 
Draw through P, P' 
respectively, the 

planes VQSp and P'S^'Q^ perpendicular to the plane in 
which (f> is measured. Also, draw the planes P'QS and 
PQ'S, respectively perpendicular to the last-mentioned planes 
through P, P'. Therefore the angle PSQ = ^9 and 
pSq' =z$(l}. 

Ultimately, P'S = PS = r, and the pyramid on the rect- 
angular base P'P is an element of the required solid. Now 
the content of such a pyramid = ^ area of base x altitude. 
Q'P =^q^p = Sp .^<f> ultimately (assuming the proof given 
hereafter, that the lengths of a chord and its arc are ulti- 
mately equal). But pS=^r cos 0, .*. PQ' = r cos i<f> ulti- 
mately. 

Similarly, QP = r^9 ultimately; altitude of the pyramid 
= r ultimately; .*. its content = Jrcos6^<^ .r^O .r ulti- 
mately. The required solid content is the limit of the sum 
of such elements, and therefore is equal to 

yyjr'cosMc^dd, orfffr^aos^drdfifd^. 

This result is the same of the last article, in which the 
same letters evidently signify the same quantities. 
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SECTION XIII. 



REOTIFIOATION OP CURVES AND COMPLANATION OP SURFACES. 

Axiom I. Of lines which join two assigned points, a 
straight line is the least. 

Axiom II. Of superficies which have an assigned plane 
perimeter, a plane is the least. 

148. Oj all lines having the same extremities as a given 
curve, and met by planes which wMt every point of it hut 
cannot cut it, the curve itself is the least. This proposition is 
proved by an extension of a method given in the Author's 
"Manual of the Differential Calculus," Art. 68. 

Let AB be the assigned 
curve, either plane or of 
double curvature. Then 
lines joining A and B and 
met by planes which meet 
but cannot cut APB, are all 
of some length, but not all 
of the same length. There 
is, therefore, one at least '" 
of these lines which is the 
shortest possible. Let (if 
possible) ACB be one of 
these lines. Then, by hy- 
pothesis, ACB is met by 

the plane at any point P of APB. Two different lines 
cannot have common to all their points, planes which meet 
but cannot cut them ; therefore, the plane through P may be 
taken to cut ACB in two points E and F. Therefore, FE, 
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a straight line, is shorter than FCE (Axiom 1). Therefore, 
ACB is not the shortest of the lines in question. In the 
same way it may be shewn that any other line than APB 
is not the shortest, but a shortest eidsts, therefore APB is 
the shortest. 



149. Of all surfaces having the same perimeter as a given 
suiface, and met by planes which meet every point of it but 
cannot cut itj the givsn turface is the least. Let APB be 
the assigned sur&ce, 
haying an assigned pe- 
rimeter AaBb. Then, 
surfaces having that pe- 
rimeter and met by 
planes which meet but 
cannot cut APB, have 
all some magnitude, but 
not all the same mag- 
nitude. There is, there- 
fore, one at least of 

these surfaces which is *\: ^b 

the least possible. Let 
ACB be one of these 
surfaces. Then, by hy- 
pothesis, ACB is met by the plane through any point P of 
APB. Two different surfaces cannot have common tangent 
planes at all their points. Therefore, the plane through 
P may be taken to cut ACB, which cuts off from that plane 
a plane superficies. This plane superficies is less (Axiom 
II.) than the curved surface between it and C. Therefore 
ACB is not the least of the surfaces in question. In the 
same way it may be shewn that no other surface than APB 
is the least. But a least surface exists. Therefore APB 
is the least surface. 



r,^"" -> 



150, The length of a curve the limit of the length of 
a polygon. Let AB be a normal to any curve, CBc (plane 
or of double curvature) and Cc a chord intersecting the 
normal perpendicularly at B. Draw «BE at right angles 
to AB, and in the same plane the normal ACE, and CF 
perpendicular to AC. ECF is a right angle ; .*. EF > CP. 
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Let the arc cBC be of such 
length that its curvature is con- 
tinuous; then F and the curve 
are on opposite sides of touching 
planes at all points between C 
and B. Therefore, by the last 
article but one, 

BF-f CF>CB, but EF>CF; 
/. BE > BC. 

Arc CB > chord CB > CD (d 
fortiori). 

By similar triangles, 

BE : DC : : AB : AD. 

As the curvature is continuous, the chord Cc ultimately 
coincides with the tangent at B, when the arc CB is in- 
definitely diminished. Hence, ultimately, AD is equal to 
the finite line AB, which is the length of two ultimately 
intersecting normals, and therefore is a radius of curvature ; 
.*. the limit of the ratio CD : EB is 1. Hence, since the 
arc CB is between CD and BE in magnitude, the limit of 
its ratio to either of them is 1, 




bmit — - =st 1 ; 
CD 



BimUarly. limit ^=1. 



Adding, limit 



CBc 



= 1, or limit 



arc 



= J. 



CDc ' chord 

Hence it follows, that if in or about any curve of finite 
magnitude be described a polygon of any number of sides, 
the length of the curve is equal to the limit of their sum 
when they are indefinitely diminished in magnitude and 
increased in number. 

CoEOLLABY. Let CDc be the arc of a circle of which A 

CB 

is the centre, and the angle BAG = d =-777 according to 



AC 



CD 



the circular measure of angles, —z = sin ; 

^ AC 

CB CB CD 

- 1 - limit ^ - limit J^ "^ I^ = ^^^ 



6 
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Similarly, limit = I. 

151. Rectification of curves. If rectangular co-ordiiiates, 
(a?, y, z) and (x + ^a?, y -f ^y, ^.+ ^z), de&ie two points in 
a curve, the distance between them is (^aj^ + ^^ 4- 3;8?*)*, 
which is the length of the chord. Hence the length of 
the curve is the limit of the sum of quantities of the form of 



=/( 






When the curve is plane one co-ordinate may he omitted, 
and the expression for the length of the curve becomes 



/( 



> ^ £)'^«- 



162. The superficies of a curved surface is the limit of the 
superficies of a polyhedron. Let a polyhedron of any number 
of sides be circumscribed about a curved surface which is taken 
of such magnitude that its curvature is continuous. Then 
all tangent planes of the curved surface cut the polyhedron. 
Therefore (Art. 149), it is greater than the curved surface. 

Within the curved surface inscribe a similar and similarly 
situated polyhedron. It is clear that planes may be drawn 
through every point of this polyhedron, which do not cut 
it, but cut the curved surface. Therefore, by the same 
article, this polyhedron is less than the curved surface. 

Also, in a continuous curved surface, an inscribed plane 
ultimately coincides with a tangent plane when the surface 
subtended is indefinitely diminished. Therefore, the edges 
of the inscribed and circumscribed polygons ultimately coin- 
cide, and the limit of the ratio of the lengths of two homo- 
logous edges is 1 (Art. 150). 

Also, their homologous sides, being in the duplicate ratio 
of their homologous edges, have 1 for the limit of their 
ratio. Therefore, the surfaces of the polyhedrons are ulti- 
mately equal. Consequently, the curved surface between 
them is ultimately equal to that of either polyhedron. 

153. Section of a parallelopiped. The following proposition 
^Yill be required in determining the complanation of solids. 
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Let ABCD be the base of a rectangular parallelepiped, of 
-which the sides AaD, aB, bC, cCD are cut by the plane 
abcB, which is a parallelogram. Its area is required* 




In the right-angled triangle aAD, aB^ = Aa^ + AD^ (1.) 
Similarly, Bc^ = DC^ + Cc^, (2.) To find the distance ac, 
let a perpendicular ce he drawn from c on to A a. Then 
a« = Aa — Cc, and in the right-angled triangle ace, 

ac^ = ce* + (Aa — Ccy = AC^ + (Aa — Ccf 

= AD^ + CD* + (Aa — Cc)*, (3.) 

In the triangle aDc, by a trigonometrical formula, 

«c* = aD* -h cD* — SaD . cD cos aDC ; or from (1), (2), (3), 

AD^ + CD* + (Aa — Ccf = aA* + AD* + DC* + Cc* 

— 2 (aA* + AD*)4(Dc* + Cc*)* cos aDC; 

.-. Aa . Cc = (a A* + AD*)» (DC* + Cc*)»cosaDC; 

« 

also required area ahcX> = aD . cD sinaDc, and 

sin*aDc = 1 — cos*aDc; /. (a5cD)* = 

Aa* . Cc* ^ 

(a A* -i- AD*) (DC* -j- Cc*-) J 

ahcD = (a A* . DC* + AD* . DO* + AD* . Cc*)*. 

154. Complanation of mtfaces. Let the surface be re- 
ferred to rectangular co-ordinates a, y, z. Also, suppose the 
surface be cut by several planes parallel to the planes xz^ yz^ 
^respectively. Then, by Art. 153, the ^yxtfea^ Sa ^o^^Vi'Ciaa 



(a A* + AD*) (DC* + Cc*) |l — 
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limit of the gum of the sides of an inscribed polygon, and 
therefore is equal to the limit of the sum of parallelogiams 
inscribed within the surface and bounded by the supposed 
planes. 

In the last figure, let AD be parallel to the axis of x; 
AB to that of y; Aa to that of z; and let (^, y, z) be the 
co-ordinates of D and DA =da7; AB =dy. Also let D, a, 
and b be three points in a curred surface. Then, if in the 
equation to the surface, when a is increased by ^a?, and y 
does not increase, z be increased by ^,j2r, Aa = 5,«r. Simi- 
larly, if i^z be an increment of z, due to an increment 
3y, Of not increasing, Cc :=$^z. Therefore, by the last 
article, 

abcB = (a^ . df + aa?- . df 4- d^z'^ . ^x^)K 

Hence the required surface is equal to the limit of the 
sum of terms of the form 



l^+"a^ + ^)'*^^' 



or the surface 



where the parentheses indicate partial differential coefficients. 
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SECTION XIV. 

INTEGRATION OF DISCONTINUOUS FUNCTIONS. 

166, The Defioitiong of Integrals, Arts. 17 and 113, were 
restricted to finite continuous functions of a finite vanable, 
and the principles of integration were established on the 
tacit assumption that the integrals were finite exact quantities, 
and that, consequently, each function integrated had a single 
determinate value for each value of its independent variable. 

If, therefore, a function be discontinuous, or have infinite 
or indeterminate values between the limits assigned for inte- 
gration, or if either of these limits be infinite, the preceding 
definitions do not apply to it. It may be observed, that the 
accuracy of most of the foregoing theorems depends essen- 
tially on their application to finite functions, and is violated 
by the violation of this condition. 

166. The following is an instance of the errors that would 
arise from application 
of the theorems of the 
preceding sections in 
neglect of the consider- 
ation of the last para- 
graph. 

Let V = -5 be the 

equation to a curve re- 
ferred to Oo?, Oy^ as 
rectangular axes. These 
axes are asymptotes of 
the curve, which has two similar branches. 

The area included by any portion of the curve, the ordi- 
nates at its extremities, and the axis of a?, is equal to 

Jydx between corresponding limits (Art. 19), if the func- 
tion integrated be finite and continuous between those limits. 
Therefore, the area 




o b 



padx 1 1 
APQi= / — =:--.^, 



IB ^ 
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if OA=a, Ob=:b. This value of the area is increased 
indefinitely as 6 is diminished. We may, therefore, make 
the area AVQb as large as we please hy taking the point 
b near enough to O. 

If, however, we integrate from a to — a, we find the area 

AVypa = , 

if Oa =— a. And this result is evidently erroneous, for it 
gives the expression for the area, which ought to be positive 
(Art. 113), a negative sign, and it makes it equal to a finite 
quantity; whereas it has been proved, that of the area a 
portion may be taken indefinitely large. The error arises 
from integration through an infinite value of the integrated 
function. 

157. The meaning, then, to be assigned to integrals of 
functions which are infinite or discontinuous between the 
limits of integration, is up to this place purely arbitrary ; a 
definition of such integrals may, however, be given, which is 
so strictly analogous to the preceding definitions, as to render 
obvious the meSiods of extending to discontinuous fonctions 
the principles already demonstrated. 

Definition. If fx become infinite, impossible, or dis- 
continuous for either or both the values «=a, «=5, but 

not for intermediate values, let / fa da he defined to be 

the limit of / fadx, when d^ and d^ are any continu- 

ous quantities which have the limit zero ; a — ^^ and h +d^ 
being values of a, between a and b. 

More generally, if fa become infinite, impossible, or 
discontinuous for the finite number of values a, b, c ... m, 
and for none else, of x between X and x, let, by analogy 

with Art. ft7, / /a; <?a? be defined to be the limit of 






• • 
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when dp d'l ... are any continuous quantities which have 
the limit zero ; a — d\ and ft + Sg being hetween a and ft, 
b — d\ and c + ^3 between b and c, &c. 

158. Principal values of integrals. The value of / /a da, 

as just defined, may be dependent on the relative magni- 
tudes of the arbitrary quantities dp fi^j ... If these quantities 
be assumed to be all equal, the integral has then what is 
termed by M. Cauchy its principal value. 

Example. — The following is an instance of an integral, 
of which the value, according to the above definition, is 
essentially arbitrary : — 

"^^ ^^ i.«_„»u. / r^ dx . p—\dx\ 



r-^" If = limit r /"'^+ r- 

J -a X \c/^i « J —a 



X J 



^limitf /'"lf+/'*'^Wrt.39.IV. 
\J\ X J a X J 

= limit log^ Y = log| ( limit ^ j , (Art. 15,) 

a quantity to which any value whatever may be assigned at 
pleasure, by assigning a corresponding relation between the 
arbitrary quantities dp d^. 

If in the preceding result dj = d^, we have the " principal " 
value of the integral equal to log 1=0. 

159. Condition that integrals may be determinate. Every 
function which is finite and continuous between any exact 
limits, either continually increases or continually decreases, 
or alternately increases and decreases an exact number of 
alternations. Take two limits, between which it continually 
increases or decreases. The integral of the function between 
those limits is (Art. 22) between its two finite quadratures, 
and is, therefore, a finite quantity. It is also determinate, 
not arbitrary, for the only arbitrary quantities in the quad- 
ratures disappear from them in the limit. Art. 26. Also, 
the whole integral between any finite limits is the sum of 
integrals, such as that just considered, and of which the 
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number is that of the alternations referred to. Therefore, 
tho whole integral is an exact qoantitj. 

If, however, the function to be integrated be not almrfS 
finite and contiuuous between the limits of integration, ^e 
integral is the limit of tho sum of the integrals of (a) k 
the last article but one. If the limit of all of them be 

finite, / /ada (their sum) is finite. It is then abo 

determinate. For each of the integrals of (a) is determinate 
according to the last paragraph, and the only arbitraiy quan- 
tities d|, 5'j ... disappear in the limit. 

Hence, when / /ada is either infinite or indetpiminate, 
the integrals in (a) have not all finite limiting values. If those 
which are infinite in the limit be all positive, / fxds^ 
is evidently equal to +00; if they be all negative, to — oo. 
Hence, the only case in which / fa dm can be inde- 
terminate or arbitrary, is when more than one of the inte- 
grals in (a) are infinite, and have difierent signs in the limit, 

when / fxdx takes the indeterminate form (adding to- 
gether the infinite quantities with like signs) 00 — «o , 

/a dx 
— - is the limit 
-a SB 

of the sum of two integrals, of which the first has the limit- 
ing value + 00, and the second — 00. 

160. The preceding principles may be illustrated geome- 
trically. First, with respect to finite continuous fdnctionB: 
let y be such a function of w, and x, y, the co-ordinates of a 
plane curve which will be unbroken^ since the function is 
continuous. Whatever may be the form of the curve, a finite 
area is included by a finite portion of the axis of a, the 
ordinates at the extremities of that portion, and the are 

between them. But this area is equal Xojydx^ taken be- 
tween finite limits. 

Next, let the function be not always finite and continuous. 
Then it will be represented by a curve, y =/«?, which ha9 
infinite branches, or breaks, or both. 



I 
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Where there are breaks only, 
as from B to C and D to F, and ^ 
not infinite branches, let a and b 
be the values of x at the points 
a and h in the diagram. Then 
the area aAB^ is evidently equal 

to the limit of / ^ ydx, a 

finite quantity. Similarly, the 
areas bounded by the other parts 
of the curve are expressed by the limits of integrals of the 

form of those in (a), Art. 157; and the quantity / Jxdx 

in that article represents the whole area of the curve, which 
is equivalent to tlie sum of the areas of its parts. 

If the curve be of the form 
AB, CD, and have no values of y 
between b5, Cc, the function is 
impossible for the infinite num- 
ber of values of x greater than 
Oh and less than Oc. Then the 
definition of Art. 157, which is 
restricted to functions with a finite 
number of impossible values, is 
inapplicable. In order to inter- 
pret geometrically or analytically 

integrals of such functions, another definition would be re- 
quired, as essentially arbitrary as that just mentioned. 

Next, let the curve have infinite ordinates y ioft finite 
values of x. These ordinates are asymptotes of the curve, 
and the area bounded by the infinite branches of the curve 
may be finite, as in instances given in Arts. 124 and 1S5. 
If ordinates y be all positive, these areas are positive, 

and their sum is the quantity / fxdx, which is now 

under consideration. If some of the ordinates be negative, 
the corresponding areas are negative (Art. 133), and the limit 
of some of the integrals in (a), Art. 157, will be negative;' 

so that / fxdXf the algebraical sum of the limits of those 

integrals, will represent the difference between the total 
areas on opposite sides of the axis oi (b. 
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Lastly, let the curve be such as to represent / fxd» 

in the form oo — oo . The 
curve, of which the equation 

is y = - , has two similar in- 

finite branches ; one on the 
positive and one on the nega- 
tive sides of both axes, which 
are asymptotes. Let OA=o, 
OB=:d^. The area B^aA 



A/ 



B' 



J\ 



— = l0g-T-. 



Let OA' = — a, 
OB' = — i 



3» 





— hdx 



areaB'^a'A' = /* — (Art 133) 

c/ —a X 



^a dx 



= /'*'^ (Art. 39. IV.) =logl^ 



—hdx 



The integral H ^-^is^eMr^ii oi T-^ f - 

= limit of (area B^aA — area B'5'a'A') as B and B' ap- 
proach O. But the difiFerence between these two is arbitrary, 
for it depends on the ratio of the two arbitrary quantities 
OB, OB'. If we choose to assume OB = OB', the two areas 
B5aA and B'5'a'A' are always equal; their difference is 
then zero, which is, therefore, the "principal" value of the 

integral y_^-. 

161. Integrals with infinite limits. The definitions of 
integrals (Arts. 17 and 157) were restricted to finite limits. 
The extension of the definition to integrals with infinite 
limits, may, by obvious analogy with prececfing cases, be taken 
to be the limit which the integral with finite limits approaches 
when either or both limits are indefinitely increased. 
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162. Multiple integrals of discontinuous functions. Many 
of the priuciples of this section respecting integrals of one 
independent yariahle may he extended to multiple integrals. 

For instance, it was shewn in Art. 116, that the result of 
multiple integration of finite continuous functions is the 
same in whatever order the several integrations he per- 
formed. This principle does not hold for functions which for 
particular values of the independent variables between the 
limits of integration become infinite. 

For example, r^, ;r-, if x first approach the limit 

and then y, has the limit oo ; and, if y first approach the 
limit and then a?, has the limit — oo . We cannot, there- 
fore, afi&rm, that 

/a, r^ ^ y^ — s^ , 

have the same result. 

y"* y^ — ^^ // — y — S6 

taking the integral between limits, y^=h and y = — . 6, 



-uf. 



= ~ 2tan-i ^ =- 4tan-i T, 



x^ + h' 
taking the integral between limits, a? = a and a = — a. 

Now reverse the order of integrations. 



/ 

a I 



f — x^ _ X _ 2a 



^ = 2tan-^=4tan-^, 
ir -{■ or a a 
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taking the integral between the same limits as before. 
Hence the two restilts differ by 

4tan--^^ + 4 tan"^- = 4 f -^ - tan^' -^ + 4 taii-^-=:2ir. 
b a \ 8 a/ a 

163. In order that multiple integrals of disoontlnuous 
fimctions may be the subjects of exact investigation, a new 
arbitrary definition is requisite. The following is an obvious 
extension of the definition for discontinuous functions of one 
variable. 

Definition. — Omit ranges of values of the function be- 
tween arbitrary limits which include the discontinuous values. 
Integrate the function for the rest of its values. The limit 
of the result when the ranges of excluded values are as far 
as possible contracted is the required integral, 

164. To illustrate the definition, suppose, first, that there 
are only two independent variables, w and y. Consider them 
to be rectangular co-ordinates of a point, of which f(a, y), 
or z, is the third redtangular co-ordinate. Then z =f(Xt y) 
is the equation to a surface. Suppose, first, z to become 
infinite only when drawn from an isolated point («, b), in the 
plane of a, y. 

Now, inclose the isolated point by any contour in that 
plane. Then integrate for all values of z drawn from points 
in the plane of x, y, without this contour. The result is, the 
volume of the solid under the Supposed surface, mmi4« the 
content of a tube surrounding the infinite ordinate. The 
analogy with the preceding definition requires that the bore 
of the tube be diminished indefinitely. Now, the bore or 
contour may diminish an infinite number of ways. Its 
ultimate form may be any curve or a point. 

Again, all things else remaining as before, let z be infinite 
when drawn from any point of zome finite cvt/rve in the plane 
re, y. Surround this curve by a contour on the same plane. 
The solid, minui the content of the tube, having this contour 
for its bore, is taken as before ; but in this case the contour 
necessarily contracts into the assigned cuxve. 

165. If the function include three independent variables 
^» y, ^» we may regard /(a?, y, z) as some kind of magnitude 
{a mechamcal magnitude, for instance,) which depends on 
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• ■ ■ 

ihe position of points in space. Then, without assigning a 
meaning fbr the integral, T^e may suppose that the function 
becomes infinite, either at an isolated point, or at all points in 
a certain line, or all in a certain surface, or all in a certain 
solid. In either case, suppose the point or points surrounded 
by a surface. The required integral is the limit of that 
of the remaining solid when the surrounding surface is con- 
tracted to the utmost. When its ultimate form is a surface, 
the equation to it gives one relation between the variable 
limiting values of on, y, z\ when the ultimate form is a 
line, the equations to it give two relations; when the ul- 
timate form is a point, three. In the same way with n 
independent variables, it may be conceived that 1, or 2, 
or 3 ... or 9» such relations exist, of which, some may be 
arbitrary. 

166. The required integral, consequently, may depend 
on arbitrary relations, and itself, therefore, be arbitrary. 
Where, however, the function is such as to be infinite only 
for isolated values of the variables, and is the same in what- 
ever manner the ranges of the excluded values are con- 
tracted, the following method gives the required determinate 
result. 

Let a function f{z, y, x ... «, r) become infinite or dis- 
continuous for a finite number of values of the independent 
variables of which those of r are a^, a,, Ag, ... a„, and none 
else between R and r. Also, let the required integral 

/ d» I dy „, J drf{z,y.,.r) 

F{r)dr, by the 

•uccesaive integration oi /{z^y ,,,r), and other functions 
(which have not discontinuous or infinite values until a^, a^, 
«3 ... be substituted in them for r). Then the required 
integral may be considered to be the limit of 

I ,^y{r)dr+ ' ^W^^'+Au.i F(r;efr + ... 
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when^j, d/ ... are any continuons qnantities which have 
the limit zero ; «i — ^i and a^ -f d, being between a^ and 
*«» ^2 "" V ^^^ <»3 + ^3 between a^ and a^, &c. 

167. 2%^ integral is independent of the order o/ integration. 
Let 8 designate the independent variable preceding r in the 
order of integration of /Qif, y ... «, r), so that 



f (r, 9) ds = Fr, 



just referred to. The integral is, by the preceding suppo- 
ition, the limit of 

"• '^dr/ f(r,8)d8 (1.) 

Let b^y ^2 ... h^ be the values of «, which correspond to 
aiy ^2 ... a^ of r, to render the original function discontinuous 
or infinite. It is required to shew that (when ij, t\ ,,. have 
the limit zero) the limit of 

+y^ "• "^^/^ f(r,«)efr (2,) 

is the same as that of (1), if that be not arbitrary. 

For brevity, omit all the symbols of integration except the 

limits. Then indicates the operation of integration of 

f (r, ») between limits S and 8, Then, since f(r,8) is a 
continuous function, while the value of r is general, 

s Jj+i, 5,--«'i h+h *a— «'a ' ' ^«"~*» " 

by Art. 27. Therefore (1) becomes, supposing the operation 
written outside each brapket to be performed on all within it; 
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+ to. 



In the same ^vay (2) becomes 

ft,— ii fR o.+J. a,— y, ««+L a — y I 

+ '']..H-J\*+ ** + ...+ * *+- " (11.) 

+ &C, 

It will be found that the alternate expressions, beginning 
with the first and ending with the last in the {}, corre- 
roond to integrals which are common to (I.) and (II.)« 
Hence, the difference (I.) — (II.) does not contain those 
integrals. 

Of all the remaining integrals, the limits written in the 
{ } indefinitely approach each other when i^ /^ ... d^ ^^ ... 
approach zero. Hence, the limit of each of these in);egra1s 
is zero. Consequently, as their number is finite, the limit 
of the difference (I.) — (II.) is zero. Therefore, (I) and (2] 
have the same limit. This result shews that it is immaterial 
with respect to which independent variable the final inte- 
ffration is performed. And, with respect to all the other 
independent variables, the order of integration is proved to 
be independent in Art. 115. 
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SECTION XV. 

DEFINITE INTEGRALS. 



168. There are many functions, as has been already 
stated (Art. 40), of which the indefinite integral cannot be 
expressed in finite terms by ordinary algebraical, logarithmic, 
and circular functions; where, however, general integrals 
cannot be found, integrals between particular limits may be 

frequently determined. For instance, / ^ dx cannot 

be expressed by a finite number of algebraical or tiigono- 
metrical functions of a and h ; but 



f. 






as will be presently shewn. 

The subject of definite integration is of great importance 
in difficult mathematical investigations, and it frequently 
happens that the particular limits between which definite 
integrals can be most readily determined, are those to which 
such investigations lead. The scope of this treatise will not 
allow of more than a very brief notice of one or two of the 
most important principles of definite integration. 

169.^ The second EuUrian integral j (log, — J dz, 

p QO 1 

which is equivalent to / ai^^e^dx when log,— »» a, 

derives its name from Euler, who first investigated it It is 
designated by Legendre by the symbol r(n), where n ia 
positive. The integral is evidently a function of n only. 

170. To determine I x* t'^dxy where n is a positive 

integer. In Art. 80, write P = €""' ; .". Pj = — a~* €~", 
P^ = a-2e-^, &c. Therefore, 
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-f «-•.». n-'l.a?'-^ + ... +a"^'*+^^w.w— 1...2.1). 

When « becomes infinite, af€~~" has the limiting value 
xarOb by evaluation according to the methods of the Difife- 
rmtialOaloiiliis; 

.-. r ^ oTe^dx = a-<«+i) 1 . 2 . 3 ... w. When a = 1, 

r^ af'e"dx^ 1.2. 3 ...w = r(w 4- 1) 
by the last article ; r(2)»l; r(3) = 1.2; r(4)=1.2.3,&c.; 

l^2^3^..y ==:[r(jo + i)r. 

a?"€^'</a?, to/i^n n t5 ?tot an 
nUsger. GhaDging x into a« in the equation 

/^ 00 

/ «*~* 6"' dx = T (n), we have 

/•"";»-e-«rf*=i^ («). 

yo a" ^ "^ 

for all positive values of n. Integrating by parts, 

f€'"afdx =— e^af" + n fe^oT-^ dx. 

Taking this between limits a? = oo and a? = 0, we have 
r (n + 1) = « r w for all finite positive values of n. Similarly, 

r(n4-2)=(w + l)r(» + l), r(w + 3)=(«H-2)r(/» + 2), &c. 

172. The first Euleriaii integral. In (a) Art. 171, write 
p + q for n, and 1 + y for a. Then 

Jo (i+y)"-^^ 

Multiplying by y^^dy^ and integrating between limits 
00 and 0, 
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Jo Jo 



"^ icP+9-iy9-i€-<^+y>'^y^a? 



= ^iP + 9)X 



(i + y) 



P+« 



The multiple integral may be integrated first with respect 
to y, considering a constant (Art. 115). The resulting 
integral is similar to that of (a) Art 171. Hence, the 
multiple integral becomes 

Whence from the preceding equation, 

r(jt> + y) o/o (1 + y)p+« - ^'^ ^^• 

The integral is called the jfirst EtUerian integral, and is 
designated by the symbol (p \ g), by Coumot. The pre- 
ceding formida is the fundamental relation between the two 
Eulerian integrals, It is evident from it that 

(P\9)'=(9\P)' 
173. Ultimate ratios of Eulerian integrals. In the first Eu- 

z 

lerian integral put 1 + y = e**. Then, when y = 0, ;2f = ; 
and when y = oo, ;? = oo ; so that the limits of the integral 

1 - 
are not changed. Also, dy =^ - e^ dz, and the integral 

becomes 

z z z 

00(6^— 4)g'^ey</;g_ pco (6P— ly-^dz 



Jo -/«4.o^ Jo 



/^e*^ p€*€^ 



=^^0 



00 « 



All the steps by which this result is obtained hold when 
p is indefinitely increased. Then the quantity in the { } 

may be put in the form -, and by evaluation by differentia- 
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tion becomes z. Hence, when p is indefinitely increased, 
the first Eulerian integral • 



{p\q) becomes p"^ j 
Therefore, substituting in the last article for ( jt> | q). 



00 T(t 



Tp 



-1 r(i> + g) _ 



r(i? + y) P" Tp 

when p is indefinitely increased. 

If in the last result we put for q^ successively, 1 + w and 
1^ —fly and multiply together the results so obtained, we have 

r(y + 1 +w).r(jp + i -r/) 

P' [Tp-? 

_ r (jp + 1 + n) . r(jp + 1 -- n) 

[r (P + 1)]' 

(Art, 171), when p is indefinitely increased. 

174. Multiplying together a series of the equations at the 
end of Art. 171, jt> + 1 iu number, and omitting common 
factors, 

n . w+1 . n + 2 ... n+jt>. = ^^^-^P-^^) , 

T{n) 

r(» + i — «) 

.-. 1— » .2— » . 3— n ... »— n. = — ^^-7- r-^; 

^ r (1 — w) 

writing 1 — w for w, and jt? — 1 for p. Multiplying together 
these two equations, we have 

12—^2 . a^^n^ . 3^— w^ ...jt?'— w^ 

^ ^(jP4-/^ + l)^(jP--?^ + l) 

wrwr(i — n) 

n' w* »* 1 ^^ 

1* * 2^ ' 3^ '" 'p 

_r(y+n + l)r(jp — 7^ + l) 1 



l^2^3=*...Jt?^ wr(«)r(i— w) 

_ r(jp + y^ + i).r(jp~n + i) }_ 

[r {p + i)f ' wr(w) r(l — «)' 
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By Art. 178 the first fraction on the second side of 
this equation converges to the value 1, as j» is indefinitely 
increased ; 



P 2^ 8* "^ «r(«)r(l-n)' 

sinwir 1 / X /, N «■ 

.*. = — T\ — t: x» or r(«)r(l — »)= -: . 

nir wr(w)r(l— «) V / V / Sinnir 

Hence when « = ^, 

[r (i)]« = -, r (i) = «* =y^ " *H e- d». 

Also, writing - for n, ^ { " ) ^ ( — — - ) = » 



sin — 
n 



I torn, r(B)r(!Lll^)^_JL_ 

n \nj \ n / , , ilrr 



sm 
n 



w-l . 
for n 



/n— 1\ ^1 TT 

r( )r-= = — 

n \ n / n .n— 1 

sm TT 

n 

Multiplying (n — 1) of these equations together, and re- 

,. ^^ J. ' ^ ' ^^ , n— 1 n 

memhenng that sin— .sm ...sm v = ^, ., , we 

have 

From / ar^ e~'dx = v*, we easily find 

y<\ 00 
e~*' <?x = ^ IT*, putting x^ =» ^. 

176. To investigate I da e'^ cos r a. Integrating by 
parts, 



DEFIlflTE 1KTE0BAL8. 115 



/d»e'^coBra=i €"** cos ra fe'^emrmda 



/• 



__ acosroy — rBmr« 
a^ -^^ r^ 

asinr« » rcosr« 



rfiP e"^ sinr^p = — € 



a^-^-t^ 



These integrals are to be taken between limits x^=:co and 
j0 = 0. When a is positive anc? not zero, €~"' is zero at the 
former limit, at which also the fractions on the second sides 
of these equations are finite if a and r be not zero, since 
sines and cosines are finite by their definition. Again, when 
a has the limit 0, e""* = 1 if a he finite; the numerators 
of the fractions become a and r respectively, if a and r be 
finite. Hence 



f. 



d(0 €"■** COS rai = 



f. 



a' + r'' 
dxe'^smrof =s „ . ^ (1.) 



176. Sinis and cosine of an infinite angle. If, in defiance 
of the restrictions with respect to a and r, by which these 
results are obtained, we put a = 0, r remaining finite, and 
assume that 6'"°' = 1, for all values of x between its 
limits, the results apparently become 

X* 00 /^ 00 1 

/ dxcosrx^ 0; I dasma:= - (2,) 

whence, since 

/• sinra? /•_ . 
a^ cos ra;== , /aa?smr«=:— 

it would follow that cos oo = and sin oo = 0. 

But it is essential to the evaluation of the original definite 
integral that a« =: oo, when a; = oo ; a condition which re- 



cos r« 
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quires an arbitrary relation between x and a if the latter 
have the limit 0. Moreover, the supposed values of cos oo 
and sin oo violate the relation sin* + cos* = 1 , which is part 
of the very definition of "sine" and "cosine." 

The antecedent objection to assigning a definite value to 
the sine or cosine of an infinite angle is perfectly insuper- 
able ; for, however great a number of times the radius 
describing the angle revolve, the sine and cosine will vary 
from 1 to — 1 in the course of each revolution. 

The correct statement to be substituted for equations (2) 
appears to be, that the original definite integrals of e^^co^rx 

and €~"sinra?, approach the limits and -respectively, 

T 

when a approaches the limit 0, r remaining finite. 

Since equations (1) are true for all finite positive values 
of a and r, let r^^=zna where n is any arbitrary number. 
Then, the first equation of (1) becomes 



/^ 00 

/ dx 6""*** COS (n a)* x = 



a -^^ n 
li it were allowable to put a == 0, we should have in strict 

X* 00 1 1 

analogy with (S), / dx = - .-.00=-, any finite arbi- 

^y Tl ft 

trary quantity, — a result which obviously contradicts the 
fundamental principles of the Integral Calculus. 

/■* 00 
177. To investigate I <?^ e"""* cos* a?. By integration 

by parts twice, it is easily found that 

Ssina? — acosa; 2 €*""' 



fi 



dx 6"^ cos* a? = e"*** cos x 



a''-^4: a (a* + 4) 



When a? == 00, €"^' is zero for all positive values of a not 
zero, and therefore the second side of the preceding equa- 
tion vanishes. When a; = 0, the same side becomes 



a 2 



■■■/. 



e~" cos^xdx = 



a (ja^ + 4) 
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178. Differentiation of definite integrals. The differential 
coefficient with respect to c of a definite integral 

A f{^yC)dWt 

is found by differentiating under they the function /{a^y c). 
Let F be the integral, and ^F its increment, due to an 
increment ic of c; and let ^/(^, c) be the corresponding 
increment of /(a?, c). 

if = / f{x, c H- ^<^)<^ — /j /(^» <^) ^^ 
=y^ "* {/(^, c + ac) -/(a?, c)} </^, 

be Jh be dc J h dc 

when dc has the limit zero. 

179. To investigate / flfa?e"^ ''cosSca;. The prin- 
ciple of the last article is remarkably illustrated by this 
integral. Calling it F, 



— =— / dx^ice-^^'^sm^ex (1) 



= * (a"-» . €-«*** sinSca?)— 2ca-« /^°°</afr-«*''cos2ca:, 

integrating by parts. The q^uantity in the bracket disappears 
when taken between the assigned limits, for all finite values 
of c, a not being zero ; 

.*. -7- =— 2ca"'^P; .-. — =— ^ca'^.dc. 
dc F 

Integrating, log , F = — c^a'^^ + a constant, or F = C €-«'*^. 

Equation (1) and all that follow from it are true for all finite 
values of c, positive or negative. Therefore, if in the last 
equation, c having the limiting value 0, we have 
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putting a'aj* = z. Hence, by Art 174, C = — - ; 

4«A 



*/0 



$2a 

This integral is due to Laplace: — Mefnoires de Vlnstitut, 
1810. 
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DEMONSTRATION OF TAYLOR*S THEOBEM. 

Let any function (/) of a single variable and its suc- 
cessive differential coefficients {f\ f'\ &c.) be finite and 
continuous for all values of the variable from a to a -^-h. 
In the expression 

let R be such a finite quantity, not involving a, that when 
af = h the expression = 0. It is also zero when ar s= 0. 
But a function which is zero for two different values of its 
variable cannot be always increasing nor always decreasing 
in the interval. Hence there is some value (a?i) of x be- 
tween and hy for which the differential coefficient of (1) 
(i. e, its rate of increase) is zero ; or, 

/(«+^)-/'«^r«.^-r'«^...-B.j;£^ ,., (2), 

is zero when a=:a^; (2) is zero also when x=zO, There* 
fore, as before, there is a value of x between a^ and 0, 
for which the differential coefficient of (2) is zero. Con- 
tinuing the process to n differentiations, we have, finally, 
/"(a -f a?) — R = 0, when a has some value between and h. 
Let this value be 6 A where is a proper fraction. Then 
R=s/'»(a + ^h), Substituting this value of R in (1), and 
putting (1) = when a=ih, 



h^ -„, . .,. h 



» 



fia+h)=f{a)+fa.h+/"a—^ +... +/•(« + «*) j^^ 



— > 

n 



which is Lagrange's Theorem on the Limits of Taylor's 
Theorem. 
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If the last term of this series become zero when n is 
sufiGiciently large, 

f{a-\-K) ^=^fa +f' a, h -^ fa, - — - + ... to convergence, 

which is Taylor's Theorem. 

This demonstration is a somewhat simplified form of one 
originally published by the Author, in the '* Cambridge and 
Dublin Mathematical Journal," vol. vi., p. 80, and reprinted 
in his *' Manual of the Differential Calculus," Art. 54. 

$2. TATL0B*S THEOBEM DEMONSTRATED BY INTEGRATION. 

By successive integration by parts, 
rf{a + h'--z)dz=izf{a'{-h'-'z)-j-rzf'{a-{-h^z)dz 

^zf{a + h^z) +fLf^(a + h^z) ^J^J^f\a-^h^z)dz 
= &c. 






Take this result between z^=h and ;2f=0. The first side 
of the equation becomes, by Art. 39, (III.), /(a + ^)— /a. 
Then, transferring fa to the second side of the equation 
taken between limits, 

fia + h) =^fa +fa.h 4-/'a ' O "*"••• 

which expresses the remainder of Taylor's series by a definite 
integral. 
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NEW LIST FOR 1852. 

The whole Series, comprising 105 volumes, will be succeeded by other interesting 
and useful works more especially intended for Public Instruction, written by 
learned and efficient masters in the several branches of Education. 

1. Rudimentary Chemistry, by Professor Fownes, F.R.S., &c. 3rd edition, 

and on Agricultural Chemistry, for the use of Farmers . It. 

2. ■ Natural Philosophy, by Charles Tomlinson, 2nd edition . It. 

3. Geology, by Lieut.- Col. Portlock,F.R.S.,F.G.S.,&c. 2nd edit. lt.6rf. 

4. ■ Mineralogy, by D. Varley, vol. i. 2nd edition . . .It. 

5. — ■ vol. ii. „ ... Iff. 

6. Mechanics, by Charles Tondinson, 2nd edition . . .It. 

7. , • Electricity, by Sir William Snow Harris, F.R.S., &c. 2nd edit., 

with the important addition of the Cavendish Papers . ls.6d. 

8. _— — Magnetism: an Exposition of the General Principles of 

Magnetical Science, by Sir W. Snow Harris, vol. i. . . It. 

9. ■ vol. ii. . Iff. 

10. ■ ' vol. iii. .l8.6d., 

1 1. ■ History, Progress, and Present State of the Electric Telegraph 

in its several applications, by Edward Highton, C. E. . It. 

12. ■ • Pneumatics, by Charles Tomlinson, 2nd edition . . .It. 

13. Civil Engineering, by Henry Law, C.E., vol. i. 2nd edition It. 

14. ' vol. ii. . . Iff. 

15. vol. iii. . . Iff. 

16. Architecture (Orders), by W. H. Leeds, 2nd edition . . 1«. 

17. Ditto, (Styles— their several examples,) by T. Bury, Architect Iff. 

18. Principles of Design in Architecture, by E.L.Garbett, Arc*, v.i. Iff. 

19. ■ vol. ii. Iff. 

20. < Perspective, by G. Pyne, Artist, vol. i. 3rd edition . . Iff. 

21. ■ — ■ vol. ii. „ . . . Iff. 

22. ■■ Art of Building, by E. Dobson, C.E., Assoc. Inst. C.E. . U. 
23. Brick-making, Tile-making, by the same, vol. i. . Iff. 

24. — vol. ii. . Iff. 

25, ' Masonry and Stone-cutting, by the same . , Iff. 
26. • Illustrations of the preceding, in 16 4to atlas plates . . Iff. 

27. Art of Painting, or a Grammar of Colouring, by George 

Field, Esq., vol. i Iff, 

28. vol. ii U, 

29. — Draining Districts and Lands, by G. D. Dempsey, C.E. Iff. 

30. -^_— — Draining and Sewage of Towns and Buildings, by 

the same ^a 

31. . Well-sinking and TioiVii^, \ji :X.^.^^\!l55l^^ Ks53sa.- 

tect, 2nd edition, revised Yyy G.'BL.'&xsxtk.^^^^* 
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32. Rudimentary Art of Use of Instruments (generally), by J. F. Heather, 

M.A., of the Boyal Mil. Acad., Woolwich, 2nd edit. . It. 

33. Constructing Cranes for the Erection of Buildings 

and for Hoisting Goods, by J. Glynn, F.R.S., C.E. . . U, 

34. Treatise on the Steam Engine, by Dr. Lardner. {Written 

gpeciallyfor this Rudimentary Series,) . . . . It. 

35. _._ Art of Blasting Rocks and Quarrying, and on Stone, by 

Lieut.-Gen. Sir John Burgoyne, K.C.B., R.E., &c. &c. . It. 

30. —— ^- Dictionary of Terms used by Architects, Builders, Civil and 

Mechanical Engineers, Surveyors, Artists, Ship-builders, 
&c. Tol. i « • • li: 

37. vol. ii .It. 

38. vol. iii it. 

39. ■ vol. iv. Jt. 

40. — Art of Painting on Glass, or Glass-Staining, by Dr. M. A. 

Gessert, with an Appendix on the Art of Enamelling, &c. Is- 

41. ' Essay on the Art of Painting on Glass, by E. 0. Fromberg It. 

42. Treatise on Cottage Building ; and some new Jflints for Im- 

proving Dwellings, by C. B. Allen, Architect . . .It. 

43. Tubular, Girder Bridges, and others, more par- 
ticularly describing the Britannia and Conway Bridges, 
with the Experiments made to determine their form, 
strength, and efficiency, by G. D. Dempscy, C.E. . . it. 

44. — Foundations and Concrete Works, by E. Dobson, 

C.E It. 

45. . Limes, Cements, Mortars, Concrete, Mastics, 

Plastering, &c., by Geo. E. Bumell, C.E. . . . 1#. 

46. — the Art of Constructing and Repairing Common 

Roads, by H. Law, C.E. j^. 

47. — the History, Construction, and Illumination 

of Lighthouses, by Alan Stevenson, LL.B., F.E.S.E., 

M. Inst. C.E. vol. i. i^ 

43. . . n Ditto, Continuation of the same subject, vol. ii. j^ 

49.- — — vol.iU. It. 

50. the Lawojf Contracts for Works and Services, by 

David Gibbons, Esq. . . • . . • • J#. 
51. _ Naval Architecture, the Elementary Principles of 

the Science, by J. Peake, ]H. M. Naval Architect . . i#. 
52. the Practical Principles of Ditto, forming a 2nd 

and a 3rd volume, to complete the work, vol. i. . , 1#. 

53. — vol. ii. . . It. 

54. — — ^-^ Masting, Mast-making, and Rigging of Ships . 1#. 

55. Navigation : the Sailor's Sea-Book ; in two 

Parts : i. How to keep the log and work it oflf. ii. On 
finding the latitude and longitude. By James Green- 
wood, Esq., B.A. — With Directions for Great Circle 
Sailing; an Essay on the Law of Storms and Variable 
Winds; and an Explanation of Terms used in Ship- 

Bnilding, with coloured illustraUona ot'S\a:e&,'^o\.\. , \t. 
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56. RucQmeaf^ Treatise oh Navigation, &c., vol. ii Is, 

57. ' the Principles of the Art of Warming and Ven- 
tilating Domestic and Public Buildings, Mines, Light- 
houses, Ships, &c., by Chas. Toinlinson, vol. i. • • 1«. 

58. ' vol. ii. . . 1*. 

59. — — — — ^^— Steam Boilers, their Construction and Practical 

Management, by Robert Armstrong, C.E. . . . 1«. 

60. ' • Land and Engineering Surveying, for the use 

of Schools and Private Students; for Practical Land 
Surveyors, and Engineers, by T. Baker, C.E., vol. i. • It. 

61. .^--_--«»— _«-.---.««------— --^--— --—-—— ———_ voLii. . 1*. 

62. .. Introductory Sketches of Railway Detaals, by R. M. 

Stephenson, C.E Is. 

63. Treatise on the Construction of Agricultural Buildings of every 

description, by G. It. Andrews, Agricultural Engineer . Is, 

64. —----—-——— on Motive Powers, and the Machinery of the 

Steading, by 6. H. Andrews, A.I: Is, 

65. ■ on Agriculture Field Engines, MacMnes, and Im- 
plements, by the same Is, 

66. ' on Clay Lands and Loamy Soils, and the Value of 

difTei^ent Lands, by Prof. Donaldson, Government Land 
Drainage Surveyor Is, 

67. ■ on Clock and Watch-making, ttad on Church Clocks, 

with iliustrations, by E. B. Defiison, M. A., vol. i. . • Is. 

68. ____^— vol. ii. . . 1*. 

69. ■ and Practical Treatise oh Music, with plates of examples, 

by C. C. Spencer, Professor of Music, vol. i. . . . It. 

70, ■ vol. ii. . • . Is, 

71, . Instruction for Playing the Piano-Forte, by the same . . It. 

72, . Treatise (A Maiiual of the Mollusca) oh Recent Fossil 

Shell^, by S. P. Woodward, As^oc. of the Linnsan Soc. . It. 

73, : — — • — ' Illustrations to Do. It. 

74, '. ; — i -«_^-_^_«_ vol. n. of the same . It. 

75. — Illustrations • • It. 

*;j.* Coloured after nature, price lOt. 6d. each series, 

76, — Treatise oh Descriptive Ge6m6try, with the Theory of Sha- 
dows hnd of Perspective, froifl the Frenth of G. Monge, by 
J. F. Heather, M.A It. 

77, " '- Descriptive deometry : Illustrations to the same, 

in 14 plates, atlas 4io Is, 

78. ' Steam as applied to General Purposes and Loco- 
motive Ehgines, by J. SeWell, C.E. . . vol. i. . It, 

79, -_^_— Locomotive Engines only, by the same, vol. ii. . It. 
79*,. Supplementary volume to the above, illustrative 

of the Origin, Growth, and rapid Developments of the 
Ldcomoiive Engine .It. 

80. — ^— Marine Engines, particulaxlY iat^feMJafcfc^'^'^^^. 

Steam Navy, by B..Munaj,C.%. . • « ^^^:, 

8L Ditto, andoiit\ie^cxew Aa.>3^<^^»»^^^^? -^ 
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82. Kudimentaiy Treatise on the Power of Water, as applied to drive Flour- 

Mills, and to give Motion to Turbines and other Hydro- 
static Engines, by Jos. Glynn, F.R.S., C.E. . . .It. 

83. ' Book-Keeping and Commercial Phraseology, by James 

Iladdon, M. A., King's College, London . . .It. 

MATHEBSATICAIi SERIES. 

84. and Elementary Treatise on Arithmetic, with a full Explana- 

tion of the Theory, and numerous Examples for Practice 
and for Self-Examination, by J. R. Young, late Prof, of 
Mathematics, Belfast Coll. : with the Answers at the end lf.6J. 

83. ■ Equational Arithmetic, applied to Questions of Interest, An- 
nuities, and General Commerce : also FormuUe for the So- 
lution of all ordinary Calculations by a simple Equation, 
by W. Hipsley, of Hull It. 

86. Elcmentsof Algebra, for the use of Schools and Self-Instruc- 
tion, Tol. i. by James Haddon, M.A., King's Coll., London It. 

87. vol. ii. by the same It. 

88. Principles of Geometry; the application of Logic to Geome- 
trical Reasoning, based on the text of Euclid, Books 
1, 2, 3. By Henry Law, C. E., toI. i It. 

89. ■ vol. ii., by the same ; 4th, 5th, 6th, 

11th and 12ih Books of Euclid, with illustrative Notes, 
and a practical application of the various Theorems . 1«. 

90. — — ^ Analytical Geometry, by James Hann, Professor, King's Coll. It. 
91. Treatise on Plane Trigonometry, by the same . . . 1#, 

92. ' — Spherical Trigonometry, by the same . . 1#. 

93. Elements and Practice of Mensuration and Geodesy, by T. 

Baker, C. E 1#. 

94. Treatise on Logarithms, vol. i. by Henry Law, C. E. . , 1#. 

95. Tables for facilitating Astronomical, Nautical, Trigonometri- 
cal, and Logarithmic Calculations, vol. ii. by the same • It. 

9(5. and Elementary Treatise on Popular Astronomy, by the Rev. 

Robert Main, of Her Majesty's Observatory, Greenwich . It. 

97. — Principles and Practice of Statics and Dynamics, by T. 

Baker, C.E 1#. 

98. Elements of Mechanism, elucidating the Principles developed 

by the Science of Mechanics for the elementary and prac- 
tical Construction of Machines, for the use of Schools and 
the Student in Mechanical Engineering, by T. Baker, C.E. It. 

98*. ' with Practical Machines, by the same It. 

99. The Theory and Practice of Nautical Astronomy and Navigation, by 

H. J. Jeans, Royal Naval College, Portsmouth, vol. i. . It. 

100. vol. ii. . It. 

These volumes describe the use of the * Nautical Almanac,' by means of an investi- 
gation of the construction of some of the Tables contained therein: they alio 
contain numerous easy Examples, — Rules at length for finding the latitude and 
longitude and variation of the compass, and also their investigiUion, — thus 
rendering it complete, without reference to any other work on the subject. 

101, Rudimentaiy Differential Calculus, in which the Principles are clearly 

eladdated, by W. S. B. Woolhouae, T."R. K.^. . 
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102. Rudimentary Integral Calculus, in which the Principles are also clearly 

elucidated, by Homersham Cox, M. A. of Cambridge . 1*. 

103, Collection of Examples of the Integral Calculus, vol. i. by 

James Ha^nn, Professor, King's College . . .1*. 

104. the DiflFerential Calculus, vol. ii. 

by i. Haddon, M. A., King's College . . . , Is. 

105. and First Mnemonical Lessons in Algebra, Geometfy, and 

Trigonometry, by the Rev. Thos. Penytigton Kirkman, 

M. A., Rector of Croft-with-Southworth, Lancashire . ls,6d. 

Tina volume, which contains more than the usiial niunber of pages, is an excellent 
accompaniment to the 21 preceding works. 
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A new Series at U. each, developing in Ten Sectional Ditisions^ 
foi the convenience of the Industrial Classes, 

THE METRGPGIiIS OF THE BRITISH EMPIRE 
AND ITS NEIGHBOURHOOD, 

Described and elucidated by an Exposition of its Ktistoiry and Antiquities ; 

INCLUDING 

The History of the Corporation of the ancient City of london—its Arts, Trade, 
and Commerce — its Architecture, Club-Houses, Docks, I'icture Galleries, Scientific 
Institutions and Public Libraries, Astronomical Observatories in and near London, 
and other interesting and useful information, amply described and illustrated. 

The following opinion of the whole combined as a volume has been expressed 
by a periodic^ of the highest standard, devoted to literature and the arts : 

"A volume of nearly a thousand closely printed pages descriptive of everyttting that can 
interest the stranger or the resident, profusely embellished with more than two hundred care- 
fully executed wood-cuts of the principal points of interest in its thoroughfares, and a newly 
constructed Map by Mr. Lowry, cannot be otherwise than acceptable to the mass of visitors 
to the Metropolis at the present time. When we add that all this is produced at ah exceedingly 
moderate cost, we cannot but feel that Bf r. Weale's work was suggested by higher than mere 
trade notions, — ^by a wish, in fact, to be serviceable to all who wanted such services. Throughout 
we trace a careful desire to be accurate and a freedom from a mere common-place laudation of 
certain pet places which are stereotyped for praise, such as the view from Richmond Hill and 
other localities. With such a book as this none but the hypercritical could be dissatisfied. 
In going crrbr so large a field, and the vast amount of pains taken, the insignificance of a few 
•lips of the pen render tl(em venial. We cannot but feel the superiority of a work of this kind 
to some more ambitious hand-books, which are made up by a paste-and-scissors process, with an 
abundance oi quotations from old books, containing mere nominal allusions to places and things, 
void of all interest but that which the philosophical inquirer may need in noting the misdirected 
ingenuity of the compiler. Mr. Weale's book takes a higher position than these, and he is justly 
entitled to higher reward. His volume is a sensible and useful guide." — Art-Union Journal, 
Sept, 1851. 

1. London. — Section i. The Physical Geography of the Basin of the Thames 
— II. Climate — iii. Geology — iv. Natural History — v. Statistics — 
Spirit of the Public Journals — * Times' Printing-press — ^vi. legislation 
and Government, Municipal Arrangements, Pohce, Postal Arrange- 
ments — Banking — Assurance Offices — Export and Import Duties. 
Wood-cuts of * Times' Machine "^^ 

2. Architecture— Remarks oti \U \\i%\.^rg— "Oafe ^Q>^<st-^^^^^^ 
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Church —Westminster Abbey — St. Stephen's Chapel— St. Pml't— 
Churches, including those by Sir C. Wren, Inigo Jones, Sir W. Cham- 
bers, &c. 30 wood'Cuit, interior and exterior of Churches . . U 

3. liONDox. — Somerset House — St. Paul's l>eforcthefirc — Almshouses — ^Arts, 
Manufactures, and Trades — Tables of Life Assurance Companies, with 
the Rates of Premiums — Asylums — the Bank of England — Baths and 
Washhouses — Buildings for the Labouring Classes — Breweries— 
Bridges — Canals — Cemetery Companies — CIub-Houses. 27 wood-eutt It. 

4. Club-Houses — Churches — Colleges — an elaborate account of 

the Privileges and Constitution of the City of London, a special article 
— Customs, Custom House, Docks, and Port of London — ^Royal Dock- 
yards, with plans — Ducal Residences — the Electric Telegraph — Educa- 
tion — Engineering Workshops — the Royal Exchanges, Coal and Com 
Exchanges — Coffee Houses, &c. 30 icood-cuta of Club Houses, the 
Docks, and the three Royal Exchanges, plans and elevations . . Is. 

5. Galleries of Pictures. — Succinct account of all the Pictures, with 

the names of'the Masters, in the Galleries and Collections of Jiord Ash- 
burton — Barbers' Hall, City — Bridewell Hospital — Thomas Baring, 
Esq., M.P. — the Society of British Artists — British Institution — British 
Museum — the Duke of Buccleuch — Chelsea Hospital — the Duke of 
Devonshire — G. Tomline, Esq., M.P. — ^Dulwich College — ^the Earl of 
Ellesmere — the Foundling Hospital — School of Design — Greenwich 
Hospital — ^Vernon Gallery — Grosvenor Gallery — Guildhall — Hamptou 
Court— T. Holford, Esq.— H. T. Hope, Esq., M.P.— St. James's Palace 
— H. A. J. Munro, Esq. — Kensington Palace — the Marquis of Lans- 
downe — the National Gallery — National Institution — the Duke of 
Northumberland — Lord Overstone — Mr. Sheepshanks — Lord Garvagh 
— Earl de Grey — Lord Normanton— Sir Robert Peel — ^the Queen's 
Gallery, Buckingham Palace — Samuel Rogers, Esq. — ^Royal Academy 
— Society of Arts — the Duke of Sutherland — Lord Ward— the Marquis 
of Hertford— the Duke of Wellington— Whitehall Chapel— Windsor 
Castle, &c. 13 wood-cuts It. 

6. ' Gas Works and Gas-lighting in London — Gardens, Conser- 

vatories, Parks, &c. around London, with an account of their for- 
mation and contents. 21 wood-cuta of the principal Conservatories, 
Gardens, &c \s, 

7. Halls, Hospitals, Inns of Coiul; — Jewish Synagogues — Schools, 

Learned Societies, Museums, and Public Libraries — Lunatic Asylums 
— Markets — Mercantile Marine — ^the Mint — Music, Opera, Oratorio 

— Musical Societies, &c. 17 wood-cuts I'a. 

8. Observatories in London and its Vicinity — Observatories and 

Astronomical Instruments in use at Cambridge and Oxford, with 20 
wood'Cuti of interior and exterior of Observatories, and of Astronomical 
Instruments 1«. 

9. Patent Inventions in England — Public and Private Buildings 

of London, criticisms on the taste and construction of them — Houses 

of Parliament — Prisons, &c. 16 wood-cuts Is, 

10. Railway Stations in London — Sewers — Statuary — Steam Navi- 
gation on the Thames — The Works of the Thames Tunnel — ^Water- 



NBW SERIES OF EDUCATIONAL WORKS. 



Supply to the Metropolis — ^Excimion to Windsor, mith riews and 
plans ; jdans of the Subles, &c — The Two Universities of Cambridge 
and Oxford, with views and plans of the Colleges ; and an Index and 
Birectmy. 25 wood-cuts It. 

*^* The following gentlemen were contributors to the preceding : 

P. P. Baly, Esq. <XE. George Hatcher. Esq. C.E. William Pole, Esq. 

G. B. Bnmdl, Esq. C.E. Edward Kemp. Esq. George Pyne. Esq. 

M. H. Breslui, Eiq. Henry Law, Esq. C.E. Charles Tomlinson. Esq. 

Hyde darira, Esq. C.E. W. H. Leeds. Esq. W. S. B. Wcolhouse. Esq. 

E. If. Gaibett, Esq. Ardiiteet. Ber. Bobert Main, LL.D. Actuary. 

J. Hania, Esq. C.E. H. Mogford, Esq. 



NEW SERIES OF EDUCATIONAL ^W^ORKS; 

OR 

Yoliunes intended for Public Instruction and for Reference : 

To hepublithed in the course o/" 1852. 

Thb pablic favour with which the Rudimentary Works on scientific subjects have 
been received induces the Publisher to commence a New Series, somewhat differeut 
in character, but which, it is hoped, may be found equally serviceable. The 
DicnoNAniBS of the Modern Languages are arranged for facility of reference, 
10 that the English traveller on the Continent and the Foreigner in England may 
find in them an easy means of communication, although possessing but a slight 
•equaintance with the respective languages. They will also be found of essential 
lervioe for the desk in the merchimt's office and the counting-house, and more 
particularly to a numerous class who are anxious to acquii-e a knowledge of 
lang^uaget so generally used in mercantile and commercial transactions. 

The vrant of small and concise Greek and Latin Dictionaries has long hern 
feH by the younger students in schools, and by the classical scholar who requires n 
book that may be carried in the pocket ; and it is believed that the present is the 
first attempt which has been made to offer a complete Lexicon of the Greek 
Language in so small a compass. 

In the volumes on England, Greece and Rome, it is intended to treat of 
History as a Science, and to present in a connected view an analysts of the large 
and expensive works of the most highly valued historical writers. The extensive 
drcnlation of the preceding Series on the pure and applied Sciences amongst 
students, practical mechanics, and others, affords conclusive e\idence of the 
desire of our industrious classes to acquire substantial knowledge when placed 
vrithin their reach ; and this has induced the hope that the volumes on History 
will be found profitable not only in an intellectual point of view, but, which is of 
still higher importance, in the social improvement of the people ; for without 
a knowledge of the principles of the English constitution, and of those events 
which have more especially tended to promote our commercial prosperity and 
political freedom, it is impossible that a correct judgment can be formed by the 
mass of the people of the measures best calculated to increase the national welfare, 
or of the character of men best quaUfied to represent them in Parliament ; and 
this knowledge becomes indispensable in exact proportion as the elective franchise 
may be extended and the system of government become more under the influence 
of public opinion. ^ 

The scholastic application of these volumes V^ iwqV, >a«Kft. «s«^si!^^.^>> ^s^^ "^-N 
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comparison of the text vilth the examinations for degrees, given lit tlie end of th 
seci;'jd volume of the History, will show their applicahility to the course o 
hid!(Tic study pursued in the Universities of Camhridge and London. 

1. Outhnes of the History op England, with special reference to the 
origin and progress of the English Constitution, by Wm. Dotiglas 
Hamilton, of University College, with illastrations . • , . h 

2. — — 1 Continuation, bringing the His- 
tory down to a recent period h 

*** This history is designed to communicate, in an accessible form, a knowledge of tb 
most essential portions of the great works on the English Constitution, and to icxm 
text-book for the use of Colleges and the higher classes in Schools. 

3. View of the History op Greece, in connection with the rise of the oris 
and civilization in Europe, by W. D. Hamilton, of University College . h 

'* To Greece we owe the Arts and Sciences, but to Rome our knowledge of them.*' 

4t History of Rome, considered in relation to its social and political 
changes, and their influence on the civilization of Modem Europe, 
designed for the use of Colleges and Schools, by the same . . 1 

5. A Chronology of Civil and Ecclesiastical History, Literature, Science^ and 
Art, from the earliest time to 1850, by Edward Law, voL L . ,1 

6. — - vol. ii. . .1 

7. Grammar of the English Language, for use in Schools and for Private 
Instruction 1 

G. Dictionary of the English Language, comprehensive and concise . 

9. Grammar of the Greek Language, by H. C. Hamilton 
10. Dictionary of the Greek and English Languages, vol. i. by H. R. Hamilton 
IJ . . , vol. ii. by the same 

12. English and Greek Languages, vol. iii. by the same 

13. Grammar of the Latin Language, by H. C. Hamilton 

14. Dictionary of the Latin and English Languages, vol.i. by H. R. Hamilton 

15. , vol. ii. by the same 

16. English and Latin Languages, vol. iii. by the same 

17. Grammar of the French Language 

18. Dictionary of the French and English Languages, vol. i. by D. Varley 
19. English and French Languages, vol. ii. by the same 

20. Grammar of the Italian Language, by Alfred Elwes, Professor of Languages 

21. Dictionary of the Italian, English, and French Languages, v. i. by the same 
22. English, Italian, and French Languages, y. ii. by the same 

23. ■ French, Italian, and English Languages, v. iii. by the same 

24. Grammar of the Spanish Language, by the same 

25. Dictionary of the Spanish and English Languages, vol. i. by the same 
26. English and Spanish Languages, vol. ii. by the same • 

27. Grammar of the German Language, by G. L. Strausz, (Ph. Dr.) 

28. Dictionary of the English, German, and French Languages, vol. i. by 
Nicolas Esterhazy S. A. Hamilton 

29. —^■^— « German, English, and French Languages, vol. IL by 
the same 

30. French, English, and German Languages, toL iiL by 

/ th& same ...•••.•••«, 
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CONTENTS. 



PART I.— PURE MATHEMATICS. 



CHAPTEE I.— AaiTHMETio. 

Skct. 

1. Definitions and Notation. 

2. Addition of Whole Numbers. 

3. Subtraction of Whole Numbers. 

4. IrlultiplicHtioi) of Whole Numbers. 

5. Division of Whole Numbers. — Proof of 

the first Four Kules of Arithmetic. 

6. Vulgar Fractions. — Reduction of Vul- 

gar Fractions. — Addition and Sub- 
traction of Vulgar Fractions. — Mul- 
tiplication and Division of Vulgar 
Fractions. 

7. Decimal Fractions. — Reduction of 

Decimals. — Addition and Subtrac- 
tion of Decimals. — Multiplication 
and Dtrision of Decimals. 

8. Complex Fractions iised in the Arts 

and Commerce. — Reduction. — Addi- 
tion. — Subtraction and Multiplica- 
tion. — Division. — Duodecimals. 

9. Powers and Roots. — Evolution. 

10. Proportion. — Rule of Three. — Deter- 

mination of Ratios. 

11. Logarithmic Arithmetic. — Use of the 

Tables. — Multiplication and Division 
by Logarithms. — Proportion, or the 
Rule of Three, by Logarithms. — 
Evolution and Involution by Log- 
arithms. 

12. Properties of Numbers. 

CHAPTER II.— Algebra. 

1. Definitions and Notation. 

2. Addition and Subtraction. 
8. Multiplication. 

4. Division. 

5, Involution. 
C. Evolution. 

7. Surds. — Reduction. — Addition, Sub- 
tntction, and Multiplication. — Di- 
vision, Involution, and Evolution. 

& Simple Equations. — Extermination. — 
Solution of QeneraX Problems. 



SSCT. 

9. Quadratic Equations. 

10. Equations in Gkneral. 

11. Progression. — Arithmetical Progres- 

sion. — Geometrical Progression. 

12. Fractional and Negative Exponents. 

13. Logarithms. 

14. Computation of Formulae. 

CHAPTER III.— Geombtrt. 

1. Definitions. 

2. Of Angles, and Right Lines, and their 

Rectangles. 

3. Of Triangles. 

4. Of Quadrilaterals and Polygons. 

5. Of the Circle, and Inscribed and Cir- 

cumscribed Figures. 

6. Of Planes and Solids. 

7. Practical Geometry. 






CHAPTER IV.— Mensuration. 



1. 



Weights and Measures. — 1. Measures 
of Length. — 2. Measures of Sur&ce. 
— 3. Measures of Solidity and Ca- 
pacity. — 4. Measures of Weight — 
5. Angular Measure. — 6. Measure of 
Time. — Comparison of English and 
French Weights and Measures. 

%, Mensuration of Superficies. 

3. Mensuration af Solids. 

CHAPTER v.— Trioonombtrt. 

1. Definitions and Trigonometrical For- 

mulse. 

2. Trigonometrical Tables. 

3. General Propositions. 

4. Solution of the Cases of Plane Trian- 
gles. — Right-angled Plane Triangles. 

On the application of Trigonometry 
to Measuring Heights and Distances. 
— Determination of Heights and 
Distances by Approximate Mechani- 
cal Methods. 



5. 
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CHAPTER VI.— Como Sections. 



1. Definitions. 

2, Properties of the Ellipse. — Problems 

relating to tbe Ellipse. 
^ JProperties of the Hyperbola. — Pro- 
' ' blems relating to the Hyperbola. 
4. Properties of the Parabola. — Problems 
' relating to the f arabola. 



CHAPTER VII.-— Properties op 
Curves. 

Sect. 

1. Definitions. 

2. The Conchoid. 
S. The Cissoid. 

4. The Cycloid and Epicycloid. 

5. The Quadratrix. 

6. The Catenary.—Tables of Eelatior.i 

of Catenarian Carves. 



PART II.— MIXED MATHEMATICS. 



CHAPTER I. — Mechanics ih General. 

CHAPTER II.— Statics. 

1. Statical Equilibrium. 

2. Center of Gravity. 

8. General application of the Principles 
of Statics to the Equilibrium of 
Structures. — Equilibrium of Piers 
or Abutments. — Pressure of Earth 
against Walls. — Thickness of Walls. 
— Equilibrium of Polygons. — Sta- 
bility of Arches. — Equilibrium of 
Suspension Bridges. 

CHAPTER III.— Dynamics. 

1. General Definitions. 

2. On the General Laws of Uniform and 

Variable Motion. — Motion uniformly 
Accelerated. — Motion of Bodies un- 
der the Action of Gravity. — Motion 
over a fixed Pulley. — Motion on 
Inclined Planes. 

8. Motions about a fixed Center, or Axis. 
— Centers of Oscillation and Per- 
cussion. — Simple and Compound 
Pendulums. — Center of Gyration, 
and the' Principles of Rotation. — 
Central Forces. — Inquiries connected 
with Rotation and Oentral Forces. 

i. Percussion or Collision of Bodies in. 
Motion. 

6. On the Mechanical Powers. — Ijevers. 
—Wheel and Axle. — Pulley. — In- 
clined Piane. — Wedge and Screw. 
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CHAPTER IV.— Hydrostatics. 

1. General Definitions. 

2. Pressure and Equilibrium of I^on' 

elastic Fluids. 

3. Floating Bodies. 

4. Specific Gravities. 

6. On Capillary Attraction. 

CHAPTER v.— Hydrodynamics. 

1. Motion and Effluence of Liquids. 

2. Motion of Water in Conduit Pipes 

and Open Canals, over Weirs, &c. — 
Velocities of Rivers. 
8. Contrivances to Measure the Velocity 
of Running Waters. 

CHAPTER VI.— Pneitmatics. 

1. Weight and Equilibrium of Air and 

Elastic Fluids. 

2. Machines for Eaising Water by the 

Pressure of the Atmosphere. 

3. Force of the Wind. 

CHAPTER VII.— Mechanical Agents. 

1. Water as a Mechanical Agent. 

2. Air as a Mechanical Agent. — Cou- 

lomb's Experiments. 
8. Mechanical Agents depending upon 
Heat. The Steam Engine. — Table 
of Pressure and Temperature of 
Steam. — General Description of the 
Mode of Action of the Steam Eng^inie. 
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Engines, and the FormnlaB for calcu- 
lating thair Power. — Practical appli- 
cation of the foregoing Formulse. 
4. Animal Strength as a MechanicalAgent. 

CHAPTER VIIT.— Stresgth op 
Matebials. 

1. Results of Experiments, and Principles 

upon which they should be practically 
applied. 

2. Strength of Materials to Resist Tensile 

and Crushing Strains. — Strength of 
Columns. 



Sect. 

3. Elasticity and Elongation 

subjected to a Crushing 
Strain. 

4. On the Strength of Material! 

to a Transverse Strain 
tudinal form of Beam c 
Strength. — Transverse St 
other Materials than Ca 
The Strength of Beams ac 
the manner in which th 
distributed. 

5. Elasticity of Bodies subje 

Transverse Strain. 

6. Strength of Materials to resi 



APPENDIX. 

I. Table of Logarithmic Differences. 
II. Table of Logarithms of Numbers, from 1 to 100. 

III. Table of Logarithms of Numbers, from 100 to 10,000. 

IV. Table of Logarithmic Sines, Tangents, Secants, &c. 

V. Table of Useful Factors, extending to several places of Decimals. 
YI. Table of various Useful Numbers, with, their Logarithms. 
YII. A Table of the Diameters, Areas, and Circumferences of Circles an< 
sides of Equal Squares. 
VIII. Table of the Relations of the Arc, Abscissa, Ordinate and Subnom 
Catenary. 
IX. Tables of the Lengths and Vibrations of Pendulums. 
X. Table of Specific Gravities. 

XI. Table of Weight of Materials frequently employed in Construction. 
XII. Principles of Chronometers. 

XIII. Select Mechanical Expedients. 

XIV. Observations on the Effect of Old London Bridge on the TideS; &c. 
XV. Professor Parish on Isometrical Perspectiye. 



Supplementary to the Rudimentary Series of 105 Volum 

Mr. Wealb has to announce a very important addition to his useful ani 
series of volumes ; viz., ** The Pilaotioe of EMBANExera Lands from 
treated as a means of profitable Employment of Capital; with Examples and '. 
of actual Embankments, and also practical Remarks on the Repair of Old S 
by JoHH WiaaiNS, F.G.S. — Double Volume, Price 2s, 
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